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Roto-translational diffusion of biaxial probes in uniaxial liquid
crystal phases
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We discuss the problem of roto-translational diffusion of a rigid biaxial molecule dissolved in a
uniaxial smectic liquid crystal phase. We examine distorted rod and disklike molecules and show
how biaxiality and roto-translational coupling can produce significant effects on some of the
correlation functions and spectral densities most useful in analyzing experimental observables.
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I. INTRODUCTION

The description of molecular motions in liquid crystals
a subject of great importance both in its own right and a
tool for the interpretation of a variety of experiment
results.1–3 The problem has been treated in detail, as far
reorientation is concerned, assuming that the motion is
fusional and that it takes place in an effective~‘‘molecular’’ !
field potential describing the overall effect of the anisotro
solvent on the particle whose evolution is followed. T
treatment has been pioneered by Nordioet al.4 who dealt
with uniaxial molecules reorienting in a uniaxial solvent b
more recently a generalization to molecules of arbitrary sy
metry reorienting in a uniaxial5 or biaxial phase has been p
forward.6 A variety of experimental observables for biaxi
molecules dissolved in liquid crystals, ranging from nucle
magnetic resonance spectral densities7–9 to fluorescence po
larized intensities,10 have been interpreted using this a
proach, allowing the determination of the molecular ro
tional diffusion tensor components.

Similar problems arising in the reorientational kineti
of monodomain supermagnetic particles in external app
fields have recently been independently tackled.11

Translational motion in liquid crystals has also be
experimentally12–14and theoretically15–17studied assuming a
diffusional evolution. As far as translational dynamics
concerned, a liquid crystal behaves to a first approxima
as an ordinary liquid in the nematic, where no long-ran
positional order exists, but not in a smectic phase, wh
molecules are instead distributed with their centers of m
being positioned, on average, on layers. It is worth not
that although in an idealized picture a smectic is represe
as a collection of two-dimensional layers, molecules can
tually migrate between layers. Accordingly, it can be a
sumed that in a smectic translational motion takes place
molecular field corresponding to a periodic density distrib
tion with a higher probability of finding molecules i
layers.18,19 At the same time the orientational distribution

a!Electronic mail: vz3bod72@sirio.cineca.it
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a smecticA has, like that of a nematic, uniaxial symmetr
even if the constituent molecules are themselves biaxial.
simultaneous treatment of rotation and translation, neede
particular where roto-translational coupling exists, has b
comparatively less treated. Thus the case of uniaxial m
ecules moving in a uniaxial smecticA phase has been treate
by Moro and Nordio20 and some applications to the analys
of experimental data have appeared,21,22but to the best of our
knowledge the case, important in all practical applications
the rototranslation of less symmetric, biaxial, molecules
never been tackled. Here we wish to provide such a tre
ment for uniaxial mesophases. We shall discuss the prob
in general first, considering the rototranslational evoluti
equation and its solution, that we shall provide employing
suitable matrix representation of the diffusion operat
Given the variety of experiments potentially sensitive
rotational–translational effects, and the fact that all of the
are sensitive to roto-translational correlation functions,
have chosen to concentrate on the calculation of these q
tities and on the examination of the effect of coupling
their behavior. We shall treat explicitly some typical cas
both for elongated and flat biaxial molecules and exam
how the correlation functions needed to interpret various
perimental data are modified by the onset of ro
translational coupling.

II. THEORY

A. Description of the biaxial potential

We consider a uniformly aligned smecticA with layers
perpendicular to the laboratoryz axis and layers spacingd.
The molecular field potential acting on a biaxial probe p
ticle with positionz and orientationv in this liquid crystal
phase has the same angular symmetry and spatial period
of the phase and may, in principle, be expanded in a prod
basis set of WignerDm,n

L (v)23 and harmonic, cosine, func
tions:
6 © 2000 American Institute of Physics
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U~v,z!

kBT
5 (

L,n,p
uL,n;p~D0,n

L ~v!1D0,2n
L ~v!!cos

2pz

d
p,

~1!

wherekB is the Boltzmann constant,T is the temperature,v
stands for the set of three Euler anglesa,b,g23 and only
m50 Wigner matrices are employed here because of
assumed uniaxiality of the phase. It is important to note t
only terms withL,n even need to be retained as a con
quence of the fact that we assume to treat biaxial probe m
ecules that are invariant for a rotation of 180° about th
principal axis. The coefficientsuL,n;p determine the strength
of interaction between the probe particle and its surrou
ings. In the particular case that the particle considered
solute one, they will represent solute–solvent interactio
Notice also that the coefficientsuL,n;p with LÞ0, pÞ0 can-
not be factorized and correspond to a positiona
orientational coupling. We shall use this potential for t
general development~see Appendix!. However, as far as nu
merical calculations go, we approximate the potential~1! re-
taining only the first few nonvanishing ordering terms
lowed by the symmetry of the problem

U~v,j!5u20,0D0,0
2 ~v!1u22,0~D0,2

2 ~v!1D0,22
2 ~v!!

1u00,1cosj1u20,1D0,0
2 ~v!cosj

1u22,1~D0,2
2 ~v!1D0,22

2 ~v!!cosj, ~2!

5u20,0~12 3
2 sin2 b!1u22,0A 3

2 sin2 b cos 2g

1u00,1cosj1u20,1~12 3
2 sin2 b!cosj

1u22,1A 3
2 sin2 b cos 2g cosj, ~3!

where we have introducedj[ (2p/d) z and where to obtain
this last expression we have used the explicit analytic exp
sions of the Wigner matrices.24 This potential is the imme-
diate generalization of the McMillan18,19smectic potential to
the case of biaxial probes and it should be mentioned tha
mean-field theory of uniaxial smectic phases formed of bi
ial molecules has been studied by Averyanov and Prima25

B. Roto-translational diffusion equation

The diffusion equation in the presence of a mean-fi
potentialU(v,z) is given26–28 by:

]

]t
P~v0 ,r 0uv,r ,t !5~2 iL,“TRT!S DR DRT

DTR DT
D

3S 2 i S L1L
U~v,z!

kBT D
RS“1“

U~v,z!

kBT D D
3P~v0 ,r 0uv,r ,t !

5GP~v0 ,r 0uv,r ,t !, ~4!

whereP(v0 ,r 0uv,r ,t) is the conditional transition probabil
ity of going from position–orientationr 0 ,v0 at timet50 to
r ,v at the timet, L is the dimensionless angular momentu
e
t
-
l-

ir

-
a

s.

s-

he
-

d

operator written in the molecular frame23 andDR , DT , DRT ,
DTR , represent rotational, translational and coupled diffus
tensors. The matrixR is the rotation matrix relative to the
transformation form molecular to laboratory frame.23

Examining the evolution equation@Eq. ~4!# we notice
that the coupling between rotational and translational dif
sions is due to the following three sources:

~1! Presence of terms that couple positional and ang
degrees of freedom in the mean field potential. These te
are for instance of the typeDm,n

L (v)cos (2p/d) kz, similar to
those in the McMillan-type19 mean field of potential valid for
uniaxial probes@see Eq.~3!#.

~2! Transformation of the diffusion tensor, as written
the laboratory frame, due to the rotation of the molecule.
fact we assume that the diffusion tensor is diagonal in
chosen molecular principal frame but the rotation of the m
ecule causes a transformation on the diffusion tensor wh
will be expressed as animplicit angular dependenceof the
translational motion. This contribution has been discuss
for instance, by Berne and Pecora29 but seems to have bee
neglected in various other works.

~3! Presence of nonvanishing roto-translational diffusi
coefficients (DRT and DTR) which correlate explicitly the
rotations around an axis~e.g.,z axis! to the translation along
this or another one. Geometrical considerations lead to
conclusion that these terms are important mainly for ch
molecules, where propeller type effects can be expecte30

and we will not consider their contribution here.
In practice the diffusion tensorD for the nonchiral mol-

ecules treated here is assumed to be diagonal in the mo
lar principal frame where it takes the form:D5DR^ DT .

Performing the calculations implied in Eq.~4! the diffu-
sion operatorG can be written as a sum of two parts conta
ing only orientational and positional differential operators

G5GR1GT . ~5!

Here we consider smectic systems with one-dimensional
sitional order along thez direction and to obtain a simple
expression for the diffusion operatorGT it is convenient to
take a projection of the transition probability over the on
relevant degree of freedom,z.

P~v,z,tuv0 ,z0!5E E P~v,r ,tuv0 ,r 0!dxdy. ~6!

Performing this projection operation on both sides of t
diffusion equation@Eq. ~4!# and exchanging derivation an
integration we obtain thereduced diffusion operatorswhich
do not contain any partial derivatives with respect to thex
andy variables.

GR52DRx
@Lx

21Lx~LxU!#2DRy
@Ly

21Ly~LyU!#

2DRz
@Lz

21Lz~LzU!#, ~7!

GT5~DTx
R13

2 1DTy
R23

2 1DTz
R33

2 !F ]2

]z2 1
]

]z

]U
]zG , ~8!

whereU5U(v,j) andRi , j are the elements of the Cartesia
rotation matrix which will be expressed later in terms
Wigner matrices.23 The roto-translational diffusion operato
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can be symmetrized with a similarity transformation co
structed from the equilibrium distribution5,6,31,32

P̂~v,z,tuv0 ,z0!5P2 1/2~v,z!P~v,z,tuv0 ,z0!P1/2~v0 ,z0!,
~9!

Ĝ5P2 1/2~v,z!GP1/2~v,z!, ~10!

where we have used a ‘‘hat’’ to indicate a symmetriz
quantity, andP(v,z) is the equilibrium distribution, which
we can write in terms of the mean field potential as:

P~v,z!5e2 U(v,z)/kBTY E e2 U(v,z)/kBTdvdz. ~11!

It is convenient to redefine the diffusion coefficients as

r5~DRx
1DRy

!/2, rT5S 2p

d D 2

~DTx
1DTy

!/2,

h52DRz
/~DRx

1DRy
!, hT52DTz

/~DTx
1DTy

!, ~12!

e5~DRx
2DRy

!/~DRx
1DRy

!,

eT5~DTx
2DTy

!/~DTx
1DTy

!.

It is useful to notice that the coefficientsh, hT are connected
to the axial anisotropy of the probe, while the coefficientse
andeT are related to its biaxiality and will vanish for uniaxia
probes. Performing now the symmetrization in~10! gives the
result

Ĝ5r~ĜR1mĜT!, ~13!

with

ĜR52@¹21 1
2 ~¹2U!2 1

4 ~L1U!~L2U!2 1
4 h~LzU!2

1e~ 1
2~L1

2 1L2
2 !1 1

4 @~L1
2 1L2

2 !U#

2 1
8@~L1U!21~L2U!2# !#, ~14!

ĜT5S 1

3
~21hT!1

2

A6
eT~D0,2

2 1D0,22
2 !

2
2

3
~12hT!D0,0

2 D F ]2

]j2 1
1

2

]2U
]j2

2
1

4 S ]U
]j D 2G , ~15!

¹25L21~h21!Lz
2. ~16!

In Eq. ~13! two important parameters appear;r which de-
fines the overall time scale of the diffusive process, andm
5rT /r which is a measure of the relative importance of t
translational and rotational motions. Now the complete sy
metrized diffusion equation reads:

1

r

]

]t
P̂~v0 ,z0uv,z,t !5~ĜR1mĜT!P̂~v0 ,z0uv,z,t !.

~17!

To solve this complicated equation, we proceed by expa
ing the transition probability over an orthonormal basis fun
tion set as in Refs. 4–6, 20, and 31. In this case the b
function set is chosen as a direct product of Wigner matri
~for the angular dependence! and harmonic plane waves~for
-

-

d-
-
is
s

the spatial dependence!. The completeness and orthonorma
ity of this basis are a direct consequence of those of the
basis sets employed.

P̂~v0 ,j0uv,j,t !5 (
L,m,n,k

CL,m,n,kuL,m,n,k&, ~18!

where we have adopted the Dirac notation to indicate

uL,m,n,k&[D m,n
L ~v!ck~j!

[A2L11

8p2
Dm,n

L ~v!
eikj

Ad
. ~19!

Inserting expansion~18! in the diffusion equation~17! mul-
tiplying both sides for̂ L8,m8,n8,k8u and using the orthonor
mality relations an infinite system of linear differential equ
tions for the expansion coefficients is obtained. In pract
we also assume that an approximate solution of the prob
may be obtained to a certain level of accuracy simply
truncating the infinite summation in expression~18! after a
certain, sufficiently large but finite number of terms. Wi
this hypothesis the solution of the roto-translational equat
is reduced to the solution of a finite system of linear diffe
ential equations

1

r
Ċ~ t !5R̂C~ t !, ~20!

whereR̂ has elements

R̂L,m,n,k;L8,m8,n8,k8

5^L8,m8,n8,k8uĜuL,m,n,k&

5E dvdjD m8,n8
L8* ~v!ck8

* ~j!Ĝck~j!D m,n
L ~v!. ~21!

The solution can be expressed as an exponential matrix.
uniaxiality of the liquid crystal phase implies, as alrea
mentioned, that the mean field potentialU(v,j) cannot de-
pend from the first Euler angle (a) and this causes the re
ducibility of the diffusion matrix (R̂), which does not con-
tain elements with different values of them indices

R̂L,n,k;L8,n8,k8
m

5E dvdjD m,n8
L8* ~v!ck8

* ~j!Ĝck~j!D m,n
L ~v!. ~22!

The m index can thus be simply used to label blocks of t
diffusional matrix. We can then write the formal solution
Eq. ~20! as

cL,n,k
m ~ t !5 (

L8,n8,k8
(
K

X̂L,n,k;K
m

3etr r̂ K
m
X̂K;L8,n8,k8

mT cL8,n8,k8
m

~v0 ,j0,0!, ~23!

where we have employed the solutions of the eigenva
equation

R̂mX̂m5X̂mr̂m. ~24!
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X̂ is the eigenvector matrix, andr̂ is the diagonal matrix
containing the eigenvalues ofR̂.

P̂~v0 ,j0uv,j,t !5( D m,n
L ~v!ck~j!X̂L,n,k;K

m

3etr r̂ K
m
X̂K;L8,n8,k8

mT cL8,n8,k8
m

~v0 ,j0,0!

5( D m,n
L ~v!ck~j!X̂L,n,k;K

m

3etr r̂ K
m
X̂K;L8,n8,k8

mT D m,n8
L8* ~v0!ck8

* ~j0!,

~25!

where the initial values of the expansion coefficients are
tained from the condition:

P̂~v0 ,j0uv,j,0!5d~v2v0!d~j2j0!. ~26!

Equation~25! represents a formal solution for the condition
probability that we shall employ to calculate the releva
properties of the problem.

C. Roto-translational correlation functions

As dynamic observables can be typically described
terms of roto-translational correlation functions or of th
m
ng
th

ic
in
-

l
t

n

Fourier transforms5,6,31,33we concentrate on the calculatio
of these quantities. The roto-translational correlation fu
tions are defined in general as

Fm,nn8,kk8
LL8 ~ t !5E dvdjE dv0dj0Dm,n

L ~v!

3eikjP~v0 ,j0uv,j,t !Dm,n8
L8* ~v0!e2 ik8j0

5E dvdjE dv0dj0Dm,n
L ~v!eikj

3P1/2~v0 ,j0!P2 1/2~v,j!

3 P̂~v0 ,j0uv,j,t !Dm,n8
L8* ~v0!e2 ik8j0. ~27!

Inserting into this equation the expression previously fou
Eq. ~25!, for P(v0 ,j0uv,j,t) and noting the asymptotic con
dition

lim
t→`

P̂~v0 ,j0uv,j,t !5P1/2~v0 ,j0!P1/2~v,j!, ~28!

and integrating we obtain the following explicit expressi
for the correlation functions:
Fm,nn8,kk8
LL8 ~ t !5 (

J,p,r
(

J8,p8,r 8
(

J9,J-
(
K

~21!p1p8A2J811

2J-11
A 2J11

2J911
X̂J,p,r ;K

m X̂J8,p8,r 8;K
m etr r̂ K

m
X̂J9,n82p,k2r ;0

0

3X̂J-,n2p8,k2r 8;0
0 C~L,J8,J-,m,2m!C~L,J8,J-,n,2p8!C~L8,J,J9,m,2m!C~L8,J,J9,n8,2p!, ~29!
rder
the
the
an
ed

’s

n
ble
where C(J1 ,J2 ,J3 ,m1 ,m2) are Clebsch–Gordan
coefficients.23 This expression may be rewritten in a for
more convenient for computational optimization by defini
auxiliary vectors whose rotation may be performed at
same time of the diagonalization5,6,31

~Vm,n,k
L !J8,p8,r 85~21!p8A2J11(

J-

1

A2J-11

3X̂J-,n2p8,k2r 8;0
0 C~L,J8,J-,m,2m!

3C~L,J8,J-,n,2p8!, ~30!

Fm,nn8,kk8
LL8 ~ t !5(

K
S (

J,p,r
~Vm,n,k

L !J,p,r X̂J,p,r ,K
m D

3etr r̂ K
mS (

J8,p8,r 8
~Vm,n8,k8

L8 !J8,p8,r 8X̂J8,p8,r 8,K
m D

~31!

5(
K

~bm,nn8,kk8
LL8 !Ket(a

m,nn8,kk8
LL8 )K. ~32!

Limiting values: The initial and long time asymptot
values of the correlation functions are equilibrium, time
e

-

dependent, quantities and may be expressed in terms of o
parameters, without going through the entire solution of
diffusion equation. This observation allows us to check
reliability of the previously done truncation, and provides
indication about the number of basis function to be retain
in the expansion~18!.

Initial value: At the initial time,t50, the transition prob-
ability distribution is known and is simply given by a Dirac
delta distribution~26!, so that

Fm,nn8,kk8
LL8 ~0!5^Dm,n

L ~v!Dm,n8
L8* ~v!eikje2 ik8j&

5 (
J5uL2L8u

L1L8

~21!m2n8C~L,L8,J,m,2m!

3C~L,L8,J,n,2n8!

3^D0,n2n8
J

~v!ei (k2k8)j&, ~33!

where the averageŝD0,n2n8
J (v)ei (k2k8)j& are orientational–

positional order parameters.
Asymptotic value: In the long time limit the transitio

probability of the Markov process taking the state varia
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TABLE I. Potential expansion coefficients@see Eq.~2!# and corresponding order parameters used for the d
and rodlike molecules discussed.

u20,0 u22,0 u00,1 u20,1 u22,1

Disklike 1.900 0.618 20.108 2.149 0.519
Rodlike 23.333 20.222 20.378 20.760 24.239

ŠD00
2
‹ ŠD02

2
‹ Šcosj‹ ŠD00

2 cosj‹ ŠD02
2 cosj‹

Disklike 20.300 20.223 0.400 20.200 20.150
Rodlike 0.400 0.0693 0.400 0.200 0.150
e
n
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from (v0 ,j0) to (v,j) tends to the equilibrium value of th
arrival state (v,j), so the asymptotic value of the correlatio
functions is given by expression~28!

Fm,nn8,kk8
LL8 ~`!5^Dm,n

L ~v!eikj&^Dm,n8
L8* ~v0!e2 ik8j0&dmo.

~34!

1. Symmetries of the correlation functions

The correlation functions defined as in~27! are not all
independent but obey symmetry relations which link some
them. These relations are important both to check the va
ity of the results obtained and to reduce the number of c
relation function to be studied. The symmetry relations o
tained implementing particle and mesophase symmetry a

Fm,nn8,kk8
LL8 ~ t !5^Dm,n

L ~v0!eikj0Dm,n8
L8* ~v!e2 ik8j& ~35!

5^D2m,n
L ~v0!eikj0D2m,n8

L8* ~v!e2 ik8j&

5F2m,nn8,kk8
LL8 ~ t ! ~36!

5^Dm,2n
L ~v0!eikj0Dm,2n8

L8* ~v!e2 ik8j&

5Fm,2n2n8,kk8
LL8 ~ t ! ~37!

5^Dm,n
L ~v0!e2 ikj0Dm,n8

L8* ~v!eik8j&

5Fm,nn8,2k2k8
LL8 ~ t !. ~38!

We also have the asymptotic long time limit results

Fm,nn8,kk8
LL8 ~`!50, for mÞ0, ~39!

Fm,nn8,kk8
LL8 ~`!50, for n,n8odd. ~40!

D. Correlation times and spectral densities

To provide a further characterization of the rot
translational dynamics two other quantities linked to expe
ment may be introduced. The first one is the correlation tim
defined as the area comprised between a certain correl
function and its asymptotic limiting value.

tm,nn8,kk8
LL8 5E

0

`

@Fm,nn8,kk8
LL8 ~ t !2Fm,nn8,kk8

LL8 ~`!#dt

5E
0

`

(
K

@~bm,nn8,kk8
LL8 !Ket(a

m,nn8,kk8
LL8 )K

2~bm,nn8,kk8
LL8 !0#dt,
f
d-
r-
-
e:

i-
,

ion

tm,nn8,kk8
LL8 5 (

KÞ0

~bm,nn8,kk8
LL8 !K

~am,nn8,kk8
LL8 !K

. ~41!

Another quantity, particularly helpful in various spe
troscopies, is the spectral density, defined as the Four
Laplace transform of the correlation functions, subtracted
their long time asymptotic value, at a frequencyv̂.

Jm,nn8,kk8
LL8 ~v̂ !5E

0

`

Fm,nn8,kk8
LL8 ~ t !e2 i v̂tdt

5E
0

`

(
K

~bm,nn8,kk8
LL8 !Ket(a

m,nn8,kk8
LL8 )Ke2 i v̂tdt

5 (
KÞ0

~bm,nn8,kk8
LL8 !K~am,nn8,kk8

LL8 !K

~am,nn8,kk8
LL8 !K

2 1v̂2
. ~42!

The correlation times are connected to zero frequency s
tral densities. Having provided a general set of expressi
for what we reckon are the relevant dynamic quantities of
problem, we now turn to numerical results.

III. RESULTS

A key question we are concerned with is the effect
roto-translational coupling on experimental observables.
try to answer this, we have investigated the dependenc
some relevant rototranslational correlation functions on
molecular geometry of the probe for various smectic pot
tials. In particular we have studied two types of probe
Elongated~rodlike! probes which tend to align their axis o
minimum biaxiality~taken as molecularz axis! parallel to the
director, and oblate~disklike! probes which tend to align this
axis perpendicular to the director of the phase.34

We have arbitrarily chosen to use for the coefficients
the biaxial potential in Eq.~3! values that yield the orienta
tional order parameterŝD00

2 &, ^D02
2 & used in Ref. 5 and a

translational order parameter^cosj&50.4. Moreover we use
a geometric type mean for the mixed orientationa
translational order parameters: u^D00

2 cosj&u
;Au^D00

2 &uu^cosj&u; u^D02
2 cosj&u;Au^D02

2 &uu^cosj&u. The set
of potential coefficients and of the order parameters co
sponding to the cases that we have studied is reporte
Table I.

As a check of our calculations we have first tried
reproduce already known results. Thus we have confirm
that in the case of purely rotational diffusion of our biaxi
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molecules ~that is when the translational contributionm
50.) we obtain indeed the same results presented in Re
We have then considered the case of roto-translation
uniaxial probes~that is the limit of vanishing rotational an
translational diffusion biaxialitye50., eT50.) in smectics
and we have found that the results for the spectral dens
J00

2 (v̂)5J0,00,00
22 (v̂) and for rodlike molecules, shown in Fig

1, are in excellent agreement with the results obtained
Moro and Nordio20 in this limiting case. As discussed in Re
20 the sharp peak at zero frequency is an effect of the slo
translational motion. We have then also computed the sim
spectral density for a disklike solute particle moving in
smectic, shown in Fig. 1 as the dotted line. The behavio
qualitatively similar, although the details are of course qu
different, in particular at low frequencies (v̂;2.5) where the
translational effects are greater.

We now turn to the introduction of biaxiality of th
probe molecule and of the solute–solvent potential acting
this diffusing particle, which represents the main thrust
the paper. The problem we deal with involves a number

FIG. 1. Spectral densitiesJ00
2 (v̂) for the roto-translation of uniaxial probe

in the case of~a! ~full line! rodlike molecules as treated by Moro and Nord
~Ref. 20! for smectic potential coefficients:u20,0523.70, u00,153.00,
u20,1521.30 corresponding to order parameters^D00

2 &50.564, ^cosj&
520.725, ^D00

2 cosj&520.386. ~b! Disklike molecules~dotted line!. We
have usedu20,050.13731022, u00,1522.8431022, u20,1521.10310,
corresponding to^D00

2 &520.300, ^cosj&520.725, ^D00
2 cosj&50.466.

The diffusion parameters employed are:m50.088 24, h54.00, hT

50.123 53. The frequencyv̂ is in r units.

FIG. 2. Effect of the translational diffusion contribution parameterm on the
second rank correlation functionsF0,00,11

22 andF0,222,11
22 and on their respec-

tive correlation timest0,00,11
22 and t0,222,11

22 for rodlike molecules.~a! ~Full
line! m50.2 (t0,00,11

22 57.9331022, t0,222,11
22 51.3831022), ~b! ~dashed

line! m51.0 (t0,00,11
22 53.6331023, t0,222,11

22 51.0431022), ~c! ~dotted line!
m55.0 (t0,00,11

22 52.4431022, t0,222,11
22 59.0031023). hT520.0, e50.6,

eT50.3.
5.
of

es

y

er
ar

is
e

n
f
f

solute and solvent parameters, whose effects are difficu
disentangle. We have thus tried to examine some of the
jor effects one by one and we now present in turn our res
for correlation functions of rod~in Figs. 2–4! and disk~in
Figs. 5–7! solutes.

In Fig. 2 we start examining the effect of increasing t
relative importance of the translational motion, as obtain
by varying the parameterm, on two specific correlation func
tions: F0,00,11

22 5^P2(cosb0)e
2ij0P2(cosbt)e

ij& and F0,222,11
22

5^D02
2 (v0)e2 i j0D022

2* (v)ei j&. The first only involves mo-
lecular tumbling, the second also depends on spinn
around the moleculez axis. The effect of translation is no
ticeable in both cases, but larger in the first one that show
much faster relaxation to equilibrium asm increases and the
combined effect of translation and rotation comes into pl

FIG. 3. Effect of the rotational and translational diffusion tensor anisotro
ratiosh, hT on the correlation functions for elongated molecules. The ra
(h/hT) has been fixed at 4.0.~a! ~Full line! h51.25, hT55.0 ~correlation
times aret0,00,11

22 57.0831022, t0,222,11
22 51.3031022); ~b! ~dashed line! h

52.5, hT510.0 (t0,00,11
22 54.9031022, t0,222,11

22 51.1631022); ~c! ~dotted
line! h53.75,hT515.0 (t0,00,11

22 54.0831022, t0,222,11
22 51.0331022). The

values of the other coefficients are:m51.0, e50.6, eT50.3.

FIG. 4. Influence of the rotational and translational diffusion tensor bia
ality coefficientse, eT @see Eq.~12!# for rodlike molecules. We consider th
correlation functions on the second rank correlation functionsF0,02,11

22 ,
F1,02,11

22 , F0,222,11
22 , andF1,222,11

22 . The ratio (e/eT) has been fixed at 2.0:~a!
~full line! e50.3, eT50.15 (t0,02,11

22 529.5531023, t1,02,11
22 523.68

31023, t0,222,11
22 58.1831023, t1,222,11

22 521.3131022); ~b! ~dashed line!
e50.6, eT50.3 (t0,02,11

22 51.3931022, t1,02,11
22 524.5031023, t0,222,11

22

51.0431022, t1,222,11
22 521.3531022); ~c! ~dotted line! e50.9, eT

50.45 (t0,02,11
22 522.6231022, t1,02,11

22 525.8331025, t0,222,11
22 51.70

31022, t1,222,11
22 521.4031022).
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Moreover an increase ofm induces a decrease of the max
mum of the functionsF0,222,11

22 . Both these effects can als
be noticed looking at the correlation times which beco
shorter asm increases.

We examine next the effect of anisotropy in the ro
tional and translational diffusion tensors by varying the
tios h, hT defined in Eq.~12!, while keeping a certain ratio
of the translational to rotational contributionsh/hT fixed to
4.0 and assuming a certain translation–rotation ratiom, here
1. This effect, that is related to a change in the molec
aspect ratio is shown in Fig. 3 to be not too big, at least
the chosen values ofe.

The consequences of changes in the rotational and tr
lational biaxiality e, eT are shown in Fig. 4 for various bi
axial correlation functions. Here the effect of the biaxiality
larger for the first type of functions (m50), while the sec-
ond type (m51) seems to be almost independent from th
parameters. Notice also that for these correlations of dif
ent Wigner functions the starting value can be negative a
could be deduced directly from Eq.~33!.

A similar type of study has also been performed on d
torted disks and reported in the next three figures~i.e., Figs.
5–7!. Also in the case of disklike molecules the effects
increasing the value of the parameterm is to produce a faste
decay of the correlations to their asymptotic values@Eq.
~34!#. The effect seems to be particularly important for t

FIG. 5. Disklike molecules. Dependence of two correlation functions fr
the translational contribution parameter;~a! full line m50.20 (t0,00,11

22

53.5631022, t0,222,11
22 51.3431023), ~b! dashed linem51.00 (t0,00,11

22

51.9231022, t0,222,11
22 56.0631024), ~c! dotted line m55.00 (t0,00,11

22

51.0331022, t0,222,11
22 52.4631024). The other diffusion coefficients hav

been fixed at the valuesh55.00, hT520.0, e50.60, eT50.30.

FIG. 6. Disklike molecules. Dependence of the correlation functions fr
the anisotropy ratiosh, hT in the rotational and translational diffusion ten
sors. The ratio (h/hT) has been fixed at 4.0:~a! ~full line! h51.25, hT

55.0 (t0,00,11
22 55.1131022, t0,222,11

22 52.3531022); ~b! ~dashed line! h
52.50, hT510.0 (t0,00,11

22 53.9731022, t0,222,11
22 51.6631022); ~c! dotted

line h53.75, hT515.0 (t0,00,11
22 53.3331022, t0,222,11

22 51.3331022). The
values of the other coefficients are:m51.00, e50.60, eT50.30.
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spinning type correlation functionF0,222,11
22 and should lead

to observable results. No significative differences can be
served between the two rod and disk cases when varying
parameterh. Conversely the variation of the biaxial param
eterse andeT can be revealed only in the correlation fun
tions with m51 ~see Fig. 7!.

In order to provide quantities more directly related
experimental observables we have also investigated the
fect of the relative importance of the rotational and trans
tional motion denoted by the parameterm on the behavior of
the frequency dependent spectral densityJ00

2 (v̂). To do this
we have calculatedJ00

2 (v̂) for various values of the coeffi
cient m for both cases of prolate and oblate biaxial mo
ecules, generalizing the results shown in Fig. 1 for uniax
rod and disklike molecules. The results are reported in Fig

FIG. 7. Disklike molecules. Dependence of the correlation functions fr
the biaxiality coefficients@see Eq.~12!# e, eT for the rotational and transla-
tional diffusion tensor. The ratio (e/eT) has been fixed at 2.00:~a! full line
e50.30, eT50.15 (t0,02,11

22 51.6231022, t1,02,11
22 55.8331024, t0,222,11

22

51.0031022, t1,222,11
22 522.2331022); ~b! dashed line e50.60, eT

50.30 (t0,02,11
22 51.6231022, t1,02,11

22 52.9231024, t0,222,11
22 51.0131022,

t1,222,11
22 522.6931022); ~c! dotted linee50.90, eT50.45 (t0,02,11

22 51.63
31022, t1,02,11

22 51.7231025, t0,222,11
22 51.0231022, t1,222,11

22 523.40
31022). The other coefficients have been fixed atm51.00, h55.00, hT

520.0.

FIG. 8. Spectral densitiesJ00
2 (v̂) behavior for rodlike molecules of table 1

~a! m50.25, ~b! m50.50, ~c! m50.75, ~d! m51.0, ~e! m51.25, ~f! m
51.50, ~g! m51.75. The other diffusion coefficients are the same employ
in Fig. 1: h54.00, hT50.123 53,e50.6, eT50.018 53.
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for rods and in Fig. 9 for disks, plotted as a family of curv
using seven different values ofm. In both cases as the tran
lational contributionm increases the overall relaxation
equilibrium becomes more effective and the faster deca
equilibrium gives a broader spectral density.

IV. CONCLUSIONS

We have developed a theory for roto-translational dif
sion of a rigid biaxial molecule in a uniaxial smectic liqu
crystal. We have considered elongated or flat particles
we have shown that the coupling of rotations and translati
can have significant effects on correlation functions that
turn, have a direct influence on experimental observables
these molecules. The theory should be useful in the plann
of experiments particularly sensitive to roto-translational
fects such as those involving diffusion studied by optica12

neutron scattering,14 and magnetic resonanc
techniques.13,35,36Another application should be in allowin
the proper determination of rotational and translational d
fusion tensor components for molecules of arbitrary sh
dissolved in smectics by employing in the analysis of exp

FIG. 9. Spectral densitiesJ00
2 (v̂) behavior for disklike molecules of table 1

~a! m50.25, ~b! m50.50, ~c! m50.75, ~d! m51.0, ~e! m51.25, ~f! m
51.50, ~g! m51.75. The other diffusion coefficients are the same emplo
in Fig. 1: h54.00, hT50.123 53,e50.6, eT50.018 53.
to

-

d
s

n
or
g

-

-
e

i-

mental data9,37 this more general theory instead of one pure
based on rotational motions such as that in Ref. 5. We a
mention that computer simulations data on molecular dif
sion in smectics are starting to be available38 and that the
analysis of these molecular dynamics virtual experime
will provide, for selected model systems, roto-translatio
correlation functions such as the ones directly investiga
here. This should allow a test of the present diffusion
theory in models with specific molecular interactions, co
tributing to an investigation of the relation between molec
lar features such as size and shape anisotropy and the ty
motion observed in smectic phases.
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APPENDIX A: MATRIX ELEMENTS OF THE DIFFUSION
OPERATOR

Here we present, for the convenience of a reader in
ested in investigating smectic potentials different from t
one studied here, explicit expressions for the various te
contributing to the diffusion operator matrix elements p
sented in Eqs.~13!, ~15!, ~21!, and~22!.

1. Rotational part

^L8,m,n8;k8u¹2uL,m,n;k&

5@L~L11!1~h21!n2#dL,L8dn,n8dk,k8 , ~A1!

^L8,m,n8;k8u¹2UuL,m,n;k&

5
1

2
A 2L11

2L811 (
L9,n9,p9

uL9n9;p9@L9~L911!

1~h21!n92#C~L,L9,L8,m,0!C~L,L9,L8,n,n9!

3~dk2k8,p91dk2k8,2p9!dn,n82n9 , ~A2!

d

^L8,m,n8;k8u~L1U!~L2U!uL,m,n,k&

5
1

4
A 2L11

2L811 (
L9,n9,p9

(
L-,n-,p-

uL9n9;p9uL-n-;p-@L9~L911!2n9~n911!#1/2@L-~L-11!2n-~n-21!#1/2

3(
J

C~L9,L-,J,0,0!C~L,J,L8,m,0!C~L9,L-,J,n911,n-21!C~L,J,L8,n,n91n-!dn,n82n92n-

3@dk2k8,p91p-1dk2k8,2p92p-1dk2k8,p92p-1dk2k8,2p91p-#, ~A3!

^L8,m,n8;k8u~LzU!2uL,m,n,k&

5
1

4
A 2L11

2L811 (
L9,n9,p9

(
L-,n-,p-

n9n-uL9n9;p9uL-n-;p-(
J

C~L,J,L8,m,0!C~L9,L-,J,0,0!

3C~L,J,L8,n,n91n-,n8!C~L9,L-,J,n9,n-!@dk2k8,p91p-1dk2k8,2p92p-1dk2k8,p92p-1dk2k8,2p91p-#, ~A4!
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^L8,m,n8;k8u~L1
2 1L2

2 !uL,m,n,k&

5~@L~L11!2n~n11!#1/2@L~L11!2~n11!~n12!#1/2dn8,n12

1@L~L11!2n~n21!#1/2@L~L11!2~n21!~n22!#1/2dn8,n22!dL,L8dk,k8 , ~A5!

^L8,m,n8;k8u@~L1
2 U!1~L2

2 U!#uL,m,n,k&

5
1

2
A 2L11

2L811 (
L9,n9,p9

uL9n9;p9C~L,L9,L8,m,0!@@L9~L911!2n9~n911!#1/2@L9~L911!2~n911!~n912!#1/2

3C~L,L9,L8,n,n912!dn,n82n9221@L9~L911!2n9~n921!#1/2@L9~L911!2~n921!~n922!#1/2

3C~L,L9,L8,n,n922!dn,n82n912#@dk2k8,p91dk2k8,2p9#, ~A6!

^L8,m,n8;k8u@~L1U!21~L2U!2#uL,m,n,k&

5
1

4
A 2L11

2L811 (
L9,n9,p9

(
L-,n-,p-

uL9,n9;p9uL-,n-;p-(
J

C~L,J,L8,m,0!C~L9,L-,J,0,0!

3@@L9~L911!2n9~n911!#1/2@L-~L-11!2n-~n-11!#1/2C~L,J,L8,n,n91n-12,n8!C~L9,L-,J,n911,n-11!

1@L9~L911!2n9~n921!#1/2@L-~L-11!2n-~n-21!#1/2C~L9,L-,J,n921,n-21!C~L,J,L8,n,n91n-22,n8!#

3@dk2k8,p91p-1dk2k8,2p92p-1dk2k8,p92p-1dk2k8,2p91p-#. ~A7!

2. Translational part

^L8,m,n8;k8uF1

3
~21hT!1

2

A6
eT~D0,2

2 1D0,22
2 !2

2

3
~12hT!D0,0

2 G ]2

]j2uL,m,n;k&

52k2F1

3
~21hT!dL,L8dn,n82

2

A6
eTA 2L11

2L811
C~L,2,L8,m,0!~C~L,2,L8,n,22!dn,n8121C~L,2,L8,n,2!dn,n822!

2
2

3
~12hT!A 2L11

2L811
C~L,2,L8,m,0!C~L,2,L8,n,0!dn,n8Gdk,k8 , ~A8!

^L8,m,n8;k8uF1

3
~21hT!1

2

A6
eT~D0,2

2 1D0,22
2 !2

2

3
~12hT!D0,0

2 G S ]2U
]j2 D uL,m,n;k&

52A 2L11

2L811 (
L9,n9,p9

p92uL9n9;p9F1

3
~21hT!C~L,L9,L8,m,0!C~L,L9,L8,n,n9!dn,n8

1(
J

C~L,J,L8,m,0!C~L9,2,J,0,0!H 1

A6
eT@C~L,J,L8,n,n912!C~L9,2,J,n9,2!dn,n82n922

1C~L,J,L8,n,n922!C~L9,2,J,n9,22!dn,n82n912#2
2

3
~12hT!C~L,J,L8,n,n9!C~L9,2,J,n9,0!dn,n82n9J , ~A9!

^L8,m,n8;k8uF1

3
~21hT!1

2

A6
eT~D0,2

2 1D0,22
2 !2

2

3
~12hT!D0,0

2 G S ]U
]j D 2

uL,m,n;k&

52A 2L11

2L811 (
L9,n9,p9

(
L-,n-,p-

p9p-uL9n9,p9uL-n-,p-(
J

C~L,J,L8,m,0!

3H 1

3
~21hT!C~L,J,L8,n,n91n-!C~L9,L-,J,0,0!C~L9,L-,J,n9,n-!dn,n82n92n-

1(
J8

C~L9,J8,J,0,0!C~L-,2,J8,0,0!F 2

A6
eT~C~L-,2,J8,n-,2!C~L,J,L8,n,n91n-12!C~L9,J8,J,n9,n-12!
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dn,n82n92n-221C~L-,2,J8,n-,22!C~L,J,L8,n,n91n-22!C~L9,J8,J,n9,n-22!dn,n82n92n-12!

2
2

3
~12hT!C~L,J,L8,n,n91n-!C~L-,2,J8,n-,0!C~L9,J8,J,n9,n-!dn,n82n92n-G J . ~A10!

Expressions~A1!–~A10! are general and independent from the number of functions retained in the expansion
potential. Inserting in this expressions the explicit form of the potential~3! allows the expansion of the sums and t
substitution of the explicit algebraic value for the Clebsch–Gordan coefficients and yields the following simplified form
diffusion operator matrix elements:

Rm,nn8,kk8
LL8 5F S 2

1

3
~21hT!k22@L~L11!1~h21!n2#1l1D dn,n81

e

2
@L~L11!2n~n11!#1/2@L~L11!2~n11!~n12!#1/2

3dn,n8221
e

2
@L~L11!2n~n21!#1/2@L~L11!2~n21!~n22!#1/2dn,n812GdL,L8dk,k8

1A 2L11

2L811
C~L,2,L8,m,0!F S l22

2

A6
eTk2D C~L,2,L8,n,2!dn,n8221S l31

2

3
~12hT!k2DC~L,2,L8,n,0!dn,n8

1S l22
2

A6
eTk2D C~L,2,L8,n,22!dn,n812Gdk,k81A 2L11

2L811
C~L,4,L8,m,0!@l4C~L,4,L8,n,4!dn,n824

1l5C~L,4,L8,n,2!dn,n8221l6C~L,4,L8,n,0!dn,n81l5C~L,4,L8,n,22!dn,n812

1l4C~L,4,L8,n,24!dn,n814#dk,k81A 2L11

2L811
C~L,6,L8,m,0!@l7C~L,6,L8,n,6!dn,n826

1l8C~L,6,L8,n,4!dn,n8241l9C~L,6,L8,n,2!dn,n8221l10C~L,6,L8,n,0!dn,n81l9C~L,6,L8,n,22!dn,n812

1l8C~L,6,L8,n,24!dn,n8141l7C~L,6,L8,n,26!dn,n816#dk,k81l11dL,L8dn,n8d uk2k8u,1

1A 2L11

2L811
C~L,2,L8,m,0!@l12C~L,2,L8,n,2!dn,n8221l13C~L,2,L8,n,0!dn,n8

1l12C~L,2,L8,n,22!dn,n812#d uk2k8u,11A 2L11

2L811
C~L,4,L8,m,0!@l14C~L,4,L8,n,4!dn,n824

1l15C~L,4,L8,n,2!dn,n8221l16C~L,4,L8,n,0!dn,n81l15C~L,4,L8,n,22!dn,n812

1l14C~L,4,L8,n,24!dn,n814#d uk2k8u,11l17dL,L8dn,n8d uk2k8u,21A 2L11

2L811
C~L,2,L8,m,0!

3@l18C~L,2,L8,n,2!dn,n8221l19C~L,2,L8,n,0!dn,n81l18C~L,2,L8,n,22!dn,n812#d uk2k8u,2

1A 2L11

2L811
C~L,4,L8,m,0!@l20C~L,4,L8,n,4!dn,n8241l21C~L,4,L8,n,2!dn,n8221l22C~L,4,L8,n,0!dn,n8
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The constants that appear in this expression have been defined as:
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The expansion of the sums presented in Eqs.~A1!–
~A10! and the subsequent determination of constants~A13!–
~A37! have been performed with the help of a Mathemat
program.39

APPENDIX B: COMPUTATIONAL ASPECTS

The computational techniques employed for the stor
and diagonalization of the diffusion matrix are essentially
same described in Refs. 5, 6, and 31. In particular we fo
the use of Polnaszek’s routines40 to perform the calculation
of correlation functions without going through the entire d
agonalization of the diffusive matrix particularly useful. Th
determination of the eigenvector corresponding to the z
eigenvalue (X̂L,n,k;K

0 ) which is necessary to initialize the aux
iliary vectors~30! has been efficiently performed by the co
jugate gradient method.5,41 Furthermore because this eige
vector corresponds to the equilibrium distribution anoth
optimization was possible by setting to zero the values of
diffusion coefficients with a consequently reduction of of t
matrix bandwidth.5 The calculations of the integrals neede
to check the correctness of the asymptotic and initial lim
values of the correlation functions~33! have been performed
using an adaptive three-dimensional Gaussian quadra
routine.42 The comparison between the two methods h
shown that using an expansion up toL520, n512, k56
basis function~corresponding to 2457 basis functions! is suf-
ficient to guarantee agreement to at least the fourth sig
cant figure in the results.
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