Rotational diffusion of uniaxial probes in biaxial liquid crystal phases
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We discuss the reorientation of a cylindrically symmetric probe in a biaxial orthorombic
medium, such as a biaxial nematic. We write down and solve for the first time the rotational
diffusion equation for a rod-like or disc-like uniaxial probe reorienting in a medium of biaxial
symmetry. We calculate first and second rank correlation functions both in the uniaxial and
biaxial phase, giving the possibility of following the evolution of dynamic observables of interest
(e.g. spectral densities) through the uniaxiai-biaxial phase fransition. Nonperturbative and

approximate analytical solutions are provided.

I. INTRODUCTION

Smectics of biaxial symmetry have been known for a
long time and biaxial phases of nematic liquid crystals, that
were first theoretically predicted,’™ have recently been
found experimentally in lyotropics,"’ polymer liquid crys-
tals> and low molar mass thermotropics.” There is now
a steadily growing number of mesogens leading to the for-
mation of biaxial nematic phases.'® Indeed a number of
properties of these systems have been studied, such as their
macroscopic elastic,'""!2 flow,'"!*15 field alignment!® be-
havior. Experimental investigations of lyotropic biaxial
nematics have involved in particular optical,!”"!® deuterium
NMR, %20 x.ray?! studies, often with the purpose of estab-
lishing phase biaxiality, while comparatively little has been
done on thermotropic systems. As more experimental sys-
tems become available it seems important to provide the
tools for a molecular interpretation of dynamic spectro-
scopic properties, e.g., NMR,? fluorescence depolariza-
tion,”>** IR and Raman.? This involves calculating the
orientational correlation functions 268 and spectral densi-
ties needed to analyze experimental data starting from a
chosen model for molecular motion. In practice one of the
most useful and successful models in describing the reori-
entation of solute molecules larger or comparable in size
with those of the solvent is the diffusional model ! that
we shall adopt here.

The diffusional model is based on the assumption that
the molecular reorientation can be considered as a stochas-
tic Markov process that evolves in time as a sequence of
small angular steps caused by collisions with the surround-
ing molecules as well as under the effect of torques origi-
nating from the long range order of the liquid crystal >
This process was studied by Favro? and first introduced in
the study of reorientation in liquid crystals by Nordio and
co-workers,2 who considered cylindrical molecules in
uniaxial phases. As far as the diffusional model is con-
cerned the dynamic features of the probe molecule are de-
scribed by its rotational diffusion tensor D, normally de-
fined in the molecular frame. The ordering effect of the
solvent, when present, is represented by an effective aniso-
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tropic potential. To the present time a number of models of
increasing complexity have been studied; even if we limit
ourselves to rigid molecules, as in the present paper, the
reorientation of molecules with biaxial ordering matrix and
uniaxial diffusion tensor in uniaxial phases has been con-
sidered.3*>® More recently this treatment has been gener-
alized to molecules with diffusion tensor of arbitrary sym-
metry. 364041

A description of the rotational diffusion of the mole-
cule based on a laboratory frame representation, in terms
of the anisotropic viscosity of the surrounding has also
been discussed.*? The more general combination of aniso-
tropic rotation and anisotropic viscosity is very complex to
treat and has so far not been solved completely even
though some models exist.*>*** If anything, this approach
is going to be even more complicated in biaxial nematics
where up to sixteen independent viscosity coefficients are
predicted to exist.'* Here we have chosen to define the
diffusion tensor in the molecular frame, since in any case
our interest is in discussing for the first time the conse-
quences of introducing mesophase biaxiality, keeping the
treatment at the same level it has been employed for uniax-
ial phases, rather than refining a description of diffusion in
a more conventional and simple solvent.

The application of the diffusion model to orthorombic
biaxial phases involves setting up and solving the diffusion
equation for a probe molecule reorienting in an appropriate
biaxial and uniaxial effective potential. Since the biaxial
phase has a lower symmetry than the usual cylindrical
nematic one, it is particularly interesting to study those
correlation functions that are different from zero in the
biaxial and vanish in the uniaxial phase. The effect of phase
change can to some extent be monitored using a simple
uniaxial probe, for instance deuterated benzene in a deute-
rium NMR study*® and here we shall often concentrate on
this example. In general we wish to examine what dynamic
indicators (e.g. correlation times and spectral densities)
can be associated to the uniaxial biaxial phase change using
various techniques. Thus we shall present a rather exten-
sive selection of first and second rank correlation functions.
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Molecules that tend to align with their symmetry axis par-
allel or perpendicular to the director may be influenced in
a quantitatively different way by biaxiality simply because
of geometric factors. For instance if we consider a biaxial*’
order parameter %’e(Dg()} = \/3/_8 {sin® B cos 2a) this will
be, everything else being the same, smaller when the mo-
lecular axis aligns in such a way that 8 is close to zero and
enhanced if B tends to be close to 7/2. Similar consider-
ations will also hold for dynamics, and since the effect of
these geometric factors is not trivial to predict quantita-
tively we have considered two limiting cases, where the
symmetry axis tends to be parallel (perpendicular) to the
director, in the sense that {(P,) >0 ({P,) <0). This is the
typical situation obtained for a rod-like or disc-like probe
and we shall name in this way the two cases, even if one
cannot exclude that the same situation is obtained for dif-
ferently shaped probes. Since approximately disc-like and
rod-like probe molecules are normally used in the different
spectroscopic methods we give results for both these pro-
totype cases.

Our main attack to the problem is nonperturbative: We
express the diffusion equation as a matrix representation in
a sufficiently large basis set of Wigner rotation matrices*®
and solve the diffusion problem by diagonalization of the
diffusion matrix®33#! as discussed in the next sections.
The calculations are performed at a set of temperatures in
the biaxial and uniaxial phase by suitably relating the ef-
fective potential of the probe to that of the liquid crystal
solvent undergoing the phase transition.

We also derive an approximate analytical solution for
the rotational diffusion correlation functions, and we ex-
press the first derivative of the first and second rank diffu-
sional correlation functions in closed analytical form. This
approximate solution has not to our knowledge been used
before and is here adopted for the problem of a uniaxial
probe reorienting in a biaxial phase. Other approximate
solutions for the diffusion problem have been presented in
the literature®”*94"* for simpler cases. Thus we have also
compared our results, in the limit of diffusion in a uniaxial
phase, with one of these earlier used approximation.*® The
results using the new approximation are also compared to
those obtained from the numerical solution on both sides of
the uniaxial-biaxial phase transition, testing when it is suf-
ficient to use the simple analytic approximation rather than
treating the full diffusional model. While a full numerical
study is given for a selected value of molecular biaxiality,
the analytical approximations show directly the depen-
dence on the anisotropic potential, the order parameters
and the diffusion tensor anisotropy. Thus they are very
useful in allowing an easy extension of the results to dif-
ferent values of these parameters.

Il. THEORY
A. Correlation functions

We are interested in dynamics experiments that probe
the correlation functions of some relevant single particle
properties A, B that we assume modulated by molecular
reorientation. By writing the laboratory fixed spherical

components of these properties in terms of their counter-
parts in a suitable molecular frame with orientation given
by a collection of Euler angles w=(a,B,y) (Ref. 46) one
has

(AEm(0) BEE™ (1))
= 3 (DE(0) DX, (1)) Aks, Bh”

n'*

Lr' ‘ ’
= Z, ¢mm’nn’(t)Al{;i,gLBI€léL ’ (1)
nn

. * * . . .
with D,fm(t)ED,[;m(a),) a Wigner rotation matrix*® de-

pending on the angles connecting the two frames at time

t and ¢,ﬁ,ﬁ',nn,(t) an orientational correlation function.

The number of potentially nonvanishing and of inde-
pendent correlation functions is limited by the symmetry of
the mesophase and by that of the observed (“probe”) mol-
ecule.”” Here we shall assume cylindrical symmetry of the
probe molecule, while the mesophase can go from isotropic
to uniaxial to biaxial.

In the simplest case of an isotropic liquid the require-
ment of invariance for an arbitrary rotation of the labora-
tory frame yields the constraint that only relative orienta-
tion correlation functions should be present (see, e.g. Ref.
50). Thus only correlation functions

(D ()= 2 ¢ (1) (2)
q

can be nonzero. Notice in particular that we have no cou-
pling between properties of different rank.

In a uniaxial phase a rotation about the director, as-
sumed to be the Z laboratory axis, should leave the system
invariant. If the probe molecule has effective cylindrical
symmetry a rotation around the z molecular axis should
also leave the system invariant. Thus the potentially
nonvanishing correlation functions are™

’ 7%
oL ={DE.(0) DL ())8,mrmBun

mm’nn’ —

=¢57, (3)
where we have removed unnecessary subscripts. In liquid
crystals we do not have a dependence on the relative ori-
entations only. An immediate consequence is that as a sys-
tem undergoes a transition from isotropic to nematic, the
number of independent correlation functions becomes
much higher than in an isotropic fluid. We also have that
certain couplings between different rank properties can
now be admissible. A new increase in the number of cor-
relation functions takes place if the mesophase, e.g. by fur-
ther cooling, becomes biaxial. The first new effect predicted
is the possibility of observing correlation functions with
m=m’. Here we deal with biaxial D,, mesophases and
application of group operations as well as the use of stan-
dard properties of Wigner rotation matrices*® gives
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Since we assume a stochastic Markovian process, the ori-
entational correlation function can be written as

Sl (D) —dewaP(wo) DEn(wo)

X P(wo|t) DX, (), (5)

where P(wg|wt) is the conditional probability of finding a
molecule at o at time ¢ if the orientation of the molecule
was g at t=0. The equilibrium probability, P(w) can be
expressed as

P exp{ — U(w)/kpT]
(@)= ~ Jdo exp[—U(w)/kpT]

_ exp[—U(a,B)/kpT]
" Jdwexp[—U(a,B)/ksT]’

(6)

where kp is the Boltzmann constant and T is the temper-
ature. U(w) is the potential of mean torque acting on the
probe particle,’! which has a symmetry determined by that
of the particle and of the mesophase, as the distribution
P(w). In our case the molecule is assumed uniaxial and
there will not be any dependence of the Euler angle v, i.e.
U(w)=U(a, B), as written in Eq. (6).

The explicit form of the effective anisotropic potential
U(o) in the biaxial phase is obtained by a separate molec-
ular field treatment,'>*!~** but for the present time it suf-
fices to expand it in Wigner matrices as suggested by sym-
metry considerations

Ula,
%— 2 a;,Dy(a.B). M
Notice that in the same way the effective potential of a
biaxial molecule in a uniaxial phase can only depend on the
Euler angles 8 and %,**® and not a, as is the case already
treated in Ref. 41.

If the molecular reorientation takes place through a
sequence of small angular steps the evolution of the con-
ditional probability, P(wg|w?) can be described by an
equation that is local in angular space and in time, ie. a
differential equation. For a diffusion process®® this evolu-
tion equation is
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OP(wp| wt) U(w)
— 5 = —LD[L L—— %, T ]P(wolwt), (8)
where L= (Ly,L,,L,) is a dimensionless angular momen-

tum operator, and D is the diffusional tensor, which we
take to be diagonal in the molecular frame where the or-
dering matrix is also diagonal. Assuming cylindrical sym-
metry we have components D, , the diffusion coefficient of
the z molecular axis, describing the “tumbling” of the mol-
ecule and D related to the “spinning” of the molecule
around the molecular z axis. We shall also use the param-
eter 7 which describes the anisotropy of the diffusion ten-
sor, expressed as the ratio n= D) /D, . We now obtain the
following expression:

1 3P(wo|wt)
D, a

) Ulw)
— | L3+ Lx(Lx —kB—T-) ]P(wolwt)

5 U(w)
— [Ly—f— Ly<Ly—kBT) ]P(wolwt)

) Ulw)
-7 LZ+LZ(L2 k—BT*-> ]P(a)ola)t)

(9a)

=I'P(wy| wt) (9b)
where the diffusion operator T is introduced. The diffusion
operator as written here is not symmetric because the an-
isotropic weighting of orientations existing in the me-
sophase but can, e.g. for the purpose of numerical calcula-
tions, be symmetrized by the similarity transformation:3*>

I'=p-\2pp2 (10a)
U(w)\ 1 U(o) Ulw)
— 2 _ _ - 7
___[ (V kBT)—4(L+ kBT)(L— kBT>
1 U(w)\?
—Z"I(Lz_k;f) ], (10b)

where P is the equilibrium distribution already introduced,
the nabla operator V?=L24 Li—{- nL? and L,=L,
+ iL, is the angular momentum step operator.

The application of this transformation allows rewriting
the diffusion equation in its symmetrized form:*!

1 3P(wplot) . .

R VAGH DR (11)

The symmetrized form of the conditional probability,
P(a)olcot) is in turn defined as
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P (U P ()
(wolwt)—exp(Zk T) (wolwt)exp( ZkBT)
(12a)
=P~ V2(w) P(wp| wt) P"*(wp). (12b)

The correlation functions are written in terms of the sym-
metrized quantities as

o n(r)-”dwodwb 2(00) D (@)
X P2 () PV () P(w,| 0t). (13)

The symmetrized diffusion Eq. (11) is given a matrix rep-
resentation in a basis of normalized Wigner matrices,*!
.@,’;,,,(w): ,/2L+1/8;2Df,,,(co), by expanding the sym-
metrized conditional probability P(w,|wt)

P(wg|wt) = LZ Crmm(w0,t) DE (0). (14)

The expansion coefficients, Cy,,,, are evaluated with the
initial condition

CLn(@0,0) =D B (wp), (15)

which in turn ensures that
ﬁ(wo[w0)=5(w—wo). (16)

By substituting Eq. (14) in Eq. (11), multiplying both
sides on the left by @ (co) and integrating over @ we
obtain a system of lmear d1ﬁ'erent1a1 equations

1 o
EC(t)=RC(t), a7

where R is a matrix factorized in blocks labeled by n. This
is because the potential is not dependent on the angle ¥ and
there will not be any coupling between terms with different

n, thus (R )L’m' Lm—RL’m ‘n’, Lmnan ‘ns

(R™) Lot Lm= fdw@,ﬁ',:(w)f@,ﬁ,,(w). (18)

In Appendix A we write down explicitly the matrix ele-
ments originating from the different operators contributing
to the diffusion operator. The important case of a potential
containing only second rank interactions is also presented.
This expansion is of importance because the second order
interactions are the simplest meaningful ones and are more
amenable to theoretical treatment. Indeed they have been

studied by mean field theory**!"** and by computer sim-

ulation.>>® We can now introduce the unitary eigenvector
matrix X” which diagonalizes the self-adjoint diffusional
matrix R”,

Rnxn Xn'\n ( 19)
where #” is the diagonal matrix of the eigenvalues of R”.
The formal solution is

(1) =X"e'2 ¥ (X)) TCn(0). (20)

Considering the matrix elements and substituting the zero
time coefficients in Eq.(15) we obtain

Copnl@0,t) = 2 E (") 1, ke P TR (X™) 3 kD 3y (00),
(21)

where the single index X is used to label the eigenvalues of
the diffusional matrix, R”. We now use the solution of the
differential equation to rewrite the expression of the sym-
metrized conditional probability given in Eq. (14) using
un-normalized Wigner matrices

S G

N 1
P(ay| o) =8—1;z

Kq Jp J'p’
A ;q A
X (7)1 xe™1 B (R9) 1 1

X Dyo() D}y (). (22)

When 7— o the unsymmetrized conditional probabil-
ity reaches the equilibrium value, according to the asymp-
totic condition

lim P(wy | wt) =P(w). (23)

I o0

All the exponentials in Eq. (22) decay to zero at infinite
time except for the one corresponding to the zero eigen-
value, fg. The long time behavior of the symmetrized con-
ditional probability, Eq. (12), is then, according to Eq.
(22) and Eq. (23), obtained as

lim P(awo| wr)

I— o0

=P"2(w0)P‘/2(w) (24a)
__? Z E '2‘]1/_*_1 ’2JW+1
J'I " J"Ipl”
X (XO)JMPN’O(1?0)]1':1,1'/’01);::0(&))D;:::;(a)o). (24b)

It is now possible to rewrite the correlation function, Eq.
(13), using the expressions of the conditional probability

J. Chem. Phys., Vol. 99, No. 8, 15 October 1993



6184

given in Eq. (22) and Eq. (24b). The final expression for
the correlation function of a uniaxial molecule undergoing
rotational diffusion in a medium of biaxial symmetry is
written as a sum of exponentials:

oLL, (1)

D, 7 [@I+D S+
Ze 1 K% JZ,;" = V(ZJ"+1)(2J’"+1)

X (/{m)Jp,K(jn)J'p',K(Xo)Jn’mr_mo(io)‘pn,m_p,;o

XC(LJ"J";m,~p")C(LJ",J";n,—n)
XC(L"JJ"sm',—p)C(L' JJ";n,—n) (25a)
’ LL'
= % ’if‘n 'y Ke mm n) (25b)

where the result of the integrals including three Wigner
rotation matrices have been expressed in terms of Clebsch—
Gordan coefficients, C(4, B,C;d,e).***" In the calculations
we have rewritten Eq. (25a) in a way that is more conve-
nient from the point of view of programming,*' that is,

e ()= ; e'D: ”l'<( JZP (VL’""")JP(J?")J,,,K)

( 2 (VEm™) 5 (X™) ,K) (26)

JI ’
where we have introduced the vectors

L+J'

Lmny ()P
(VEm) o= (=) 2T _Efm

XC(LJ"J";m,—p")

X C(LJ" "1, — 1) (X0) no gy prig - (27)

By handling the rotation of the vectors 2™ and V2" " at
the same time as the diagonalization®®*>? of the matrix R”it
is possible to avoid the explicit manipulation of the eigen-
vectors matrix, X" as discussed in Ref. 41.

B. Spectral densities

The spectral density J(L L,mm,(w) as a function of an-
gular frequency @ is given by a sum of Fourier—Laplace
transforms of the correlation functions, Eq. (1):

Berggren, Tarroni, and Zannoni: Uniaxial probes in biaxial liquid crystal phases

A @)= 3 Al B | 7 6L (e
nn
(28)

for a uniaxial probe. The correlation functions can be eval-
vated in terms of eigenvalues and eigenvectors of the dif-
fusion matrix as we have discussed. A typical case where
spectral densities rather than correlation functions enter is
in the description of fast motion ESR*>3 and NMR? ex-
periments. In this last case L= L'=2 and 4= B is implied
and the notation is accordingly simplified. We estimate the
real part of the integral in Eq. (28) and write the tensor
components in the molecular frame in terms of the princi-
pal component Ai’o using the small Wigner matrices
d2(%), where ¥ is the angle between the molecular z axis
and the principal z axis of the tensor A, which is assumed
to be cylindrically symmetric. The spectral densities for a
uniaxial probe are then given by

T () =A4%°A%° Z d2o(3)d% ()

22
mm n)K(amm n)K

( Dime n)K+ AZ

(29)

3

In the calculations presented later on we have considered
in particular the case of 4=0, appropriate, e.g. to a C-D
bond parallel to the long axis and that of 9 =w/2 relevant
to the case of a C-D perpendicular to the probe symmetry
axis, as in perdeuterated benzene.

The zero frequency spectral densities are obviously re-
lated to correlation times. These are obtained by integrat-
ing the corresponding correlation functions over time after
subtracting out the long time plateau, if any:

rl;tgn_ f ,,,,,,',,,(t) ¢,,,,,, L(0)1dt. (30)

Even though the detailed information about the evolution
in time is lost they are of importance, because they are
often the only quantities to be determined by experimental
techniques. The easiest way to perform the integration,
knowing all the eigenvalues and eigenvectors from the cal-
culation of the correlation function, is to make the follow-
ing summation picking out the zero eigenvalue, if

Bromrn( 0 )740

LL
(b mm' n)K

LLI ,
mm'n/ K

T::tfn’n= 2’ (arlr‘tf‘n’n)quo' (31)

(a

lll. ANALYTICAL EXPRESSIONS

The evaluation of correlation functions and of the re-
lated observable quantities described in the previous sec-
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tions proceeds unavoidably through rather heavy numeri-
cal calculations. This has prompted various authors, even
for the simpler case of probes reorienting in uniaxial me-
sophases, to propose approximate analytical solutions to
the problem. Although they cannot represent a universal
substitute for the full numerical solution, the analytic ex-
pressions have the advantage of showing the relation be-
tween correlation functions and order parameters, diffu-
sion tensor anisotropy 7 and potential coefficients.

Here we wish to provide a set of analytic approxima-
tions for biaxial phases as well. We shall first propose a
rather general approach that can be specialized to the sim-
pler phases. We then compare the results with the numer-
ical solutions to assess for which cases the approximation is
good enough to be practically useful. We approximate the
decay of the correlation functions with a single exponential
that is obtained from the first derivative of the correlation
function. Instead of the symmetrized form of the condi-
tional probability we have found it more convenient to use
for this purpose the unsymmetrized form, and then write
the correlation functions as

$EL, (1) =(DL:(wo) D5 ()

LII+1

_ e
% L;" 2L’+1(X )Lomt e
X (X") Zarn x{ DE.DEY. (32)

We are looking for a single exponential approximation
such as

’

’ LL
¢ﬂmt'n(t)~[m]¢mm ,,(oo)+b£;i,ne_“’mm'n, (33)
where choosing
: i ()
LL mm'n
mm'n= (34b)

$rr (O =G ()

ensures that the correlation functions have the correct
value at time zero and at asymptotically long times as well
as the derivative at time zero provided by the diffusional
model. We can write the first derivative of the correlation
functions as

I it

(LL - - ret
¢mm’n(t) K L'm" 2L'+1 (X )L Kr;e

X (X" g 1S Dhin Dn) (35)

m'n

At t=0 the eigenvalues and eigenvectors can be recom-
bined to give elements of the diffusional matrix,

(Rn)err’ann [See Eq. (19)]
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e 2L"4-1

LL n
PO == 2 2 57 7 (X" okl

X (X™) Lo 1A DEn D) (36a)

2LI’ R

L” " 2L'+1( )lel L"m”

X (DL, DLy, (36b)

In this way we can calculate the derivative of the correla-
tion functions at =0 directly by summing the matrix ele-

ments weighted by (D m,, ) These analytical expres-
sions are listed in Appendlx B, and because of their
simplicity they could be useful in interpreting experimental
data, but it should be stressed that the accuracy is not
uniform for all the correlation functions, as discussed in
the following section. Having this caveat in mind, we
would like to stress that the analytical expressions are ex-
tremely useful to examine the effect of changing some of
the parameters in the calculation without (or before) going
to the complications of the full numerical solution. In Ap-
pendix B the expression of the unsymmetrized matrix ele-
ments are also given. It is clear that the procedure can be
generalized to multi-exponential approximations if needed.

IV. CALCULATIONS AND RESULTS

In order to put to practical use the expressions we have
derived in the previous sections, we need to choose a po-
tential of mean torque. Moreover if we intend to investigate
the temperature dependence of the dynamics and the
changes at the biaxial transition a set of order parameters
has to be available. In the calculations presented here we
investigate the simplest and most important case of a
uniaxial probe subject to a biaxial potential containing only
second rank interactions. The explicit form of this poten-
tial is then

U(a,8)

W=a20(T)P2(cos B)

+ay(T) [ D3y(a,B) + D 35(aB) ]
=ay(T) (3 cos? B—3)

+a3,(T) 3/2 sin” B cos 2a (37)
and it is characterized only by the coefficients, a,,(7") and
a5 (T), if we assume that a,_,=a,,.”> Since our aim is to
study the changes in reorientational dynamics associated
with a change of phase that is driven by a temperature
variation it is important to find a way of producing a plau-
sible set of coefficients a,3(7") and a,,(T) at various tem-
peratures.
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TABLE I. Order parameters and effective potential coefficients for the probes used in the calculations.

Biazxial Phase Uniazial Phase
T =KTje | 036 I 0.48 | 0.61 | 0.85 0.97 110 | 13 | 122 | 1 147 | 189
Order parameters of the solvent, A, = 0.3.
<P >, 0.958 0.947 0.935 0.909 0.896 0.884 0.881 0.869 0.852 0.833 0.812
< D}y >, 0.00657 0.00853 0.0104 0.0123 0.0112 0.00646 0.00000 0.0000 0.0000 0.0000 0.0000
< D32 >, 0.00659 0.00859 0.0106 0.0142 0.0136 0.0130 0.0126 0.0138 0.0159 0.0181 0.0206
< D%, >, 0.445 0.422 0.393 0.307 0.237 0.117 0.00001 0.0000 0.0000 0.0000 0.0000
agy and < D;O >, A, =0.3.
Rod-like molecule, cyo0 = —2.88¢
a -7.71 -5.69 4.48 -3.11 -2.68 -2.34 -2.25 -2.07 -1.85 -1.66 -1.50
az -2.19 -1.56 -1.17 -0.665 -0.455 -0.202 -0.00001 0.0000 0.0000 0.0000 0.0000
<h> 0.853 0.795 0.732 0.607 0.552 0.502 0.488 0.454 0.409 0.369 0.334
< D3, > 0.0149 0.0209 0.0266 0.0308 0.0267 0.0143 0.00000 0.0000 0.0000 0.0000 0.0000
<P > 0.599 0.488 0.392 0.252 0.204 0.166 0.156 0.134 0.109 0.0886 0.0724
< Dy > 0.0375 0.0415 0.0409 0.0298 0.0212 0.0095 0.00000 0.0000 0.0000 0.0000 0.0000
< Diy > 0.0010 0.0018 0.0026 0.0025 0.0017 0.0004 0.00000 0.0000 0.0000 0.0000 0.0000
< B> 0.353 0.242 0.165 0.0792 0.0560 0.0403 0.0365 0.0291 0.0211 0.0155 0.0114
< D§, > 0.0440 0.0385 0.0304 0.0152 0.0093 0.0036 0.00000 0.0000 0.0000 0.0000 0.0000
< D§y > 0.0029 0.0035 0.0034 0.0019 0.0010 0.0002 0.00000 0.0000 0.0000 0.0000 0.0000
Disc-like molecule, cz00 = 2.88¢

axo 7.71 5.69 4.48 311 2.68 2.34 2.25 2.07 1.85 1.66 1.50
az 219 1.56 117 0.665 0.455 0.202 0.00001 0.0000 0.0000 0.0000 0.0000

< B> -0.457 0.423 -0.399 -0.350 -0.325 -0.301 -0.294 -0.281 -0.262 0.244 0.228
< D% > -0.445 -0.387 0.318 -0.193 -0.133 -0.059 0.00000 0.0000 0.0000 0.0000 0.0000
< P> 0.255 0.217 0.183 0.126 0.104 0.0855 0.0805 0.0719 0.0611 0.0520 0.0444
< D;o > 0.226 0.174 0.130 0.0655 0.0412 0.0168 0.00000 0.0000 0.0000 0.0000 0.0000
< Diy > 0.196 0.128 0.0819 0.0287 0.0135 0.0027 0.00000 0.0000 0.0000 0.0000 0.0000
< B> -0.140 -0.102 -0.0738 0.0377 -0.0270 -0.0194 0.0175 -0.0145 -0.0111 -0.0086 -0.0066
< D§y > -0.122 -0.0874 -0.0533 -0.0209 -0.0117 -0.0043 0.00000 0.0000 0.0000 0.0000 0.0000
< Dfo > -0.0889 -0.0512 -0.0290 -0.0082 -0.0035 -0.0006 0.00000 0.0000 0.0000 0.0000 0.0000

If we consider a probe particle dissolved at very low
concentration in a biaxial mesophase, the coefficients are,
at mean field level, proportional to the solvent order pa-
rameters >335 The single particle orientational potential
at second order can be written in this case as

U(w)= 2 c3pg 2 (D} py s D), (38)
Pq m

where the subscript s indicates the solvent and c,,, are
solute-solvent coefficients. For a uniaxial probe we have no
dependence on the angle ¥ and thus ¢;,,=¢;,08,0. A knowl-
edge of the order parameters of the mesophase (D?rnl s
gives us the possibility of making calculations of the effec-
tive potential and thus ultimately of the correlation func-
tions at various temperatures, and in particular when the
order parameters of the solution vary from a phase of bi-
axial symmetry to uniaxial symmetry. The order parame-
ters have the following symmetry, if we assume a or-
thorombic biaxial phase formed of D,, molecules:
(D,I,‘m)= (Dfm,,) and (D,I,‘,,,>=(D,f,_n), with m,n even.
Moreover we also have an additional symmetry due to the
properties of Wigner functions, that is, (DZ%)
=(— )’"“‘(Dfm_n). An expansion of Eq. (38) up to rank
two then gives the effective potential acting on a uniaxial
probe as

U(a,B) = [c300{Pa) s+ 2¢220{ D5y} s] Py (cos B)
+ [€200¢ D§0>s+ 2¢320¢ D%Z)s]

X [ D3o(a,B) + D* 5o(a,B) 1. (39)

Comparing this expression for the potential with Eq. (37)
the coefficients azp( T') in the general form of the potential
are given by

1
ay(T) =]€B.7[0200(P2)s+20220<D(2)2>s]: (40)

1
azz(T)=leT[Czoo<D§o>s+20220<D§2>s]- (41)

The solute-solvent interaction coefficients can be factor-
ized in a number of cases and in particular if the interac-
tions are due to dispersion forces,” i.e. ¢, o ag,)aés) BT
then possible to define a biaxiality of the probe molecule
studied, 4,, and a biaxiality of the solvent, A,

P
ay
l =

, (42)
[0
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TABLE 1I. The initial values of the correlation functions for L=L'=1 and L=L'=2 calculated from

’ LTk ' ’
$rmn(0)=(DL,D, y=( — ™" 3[40

| CCL,L" Jm, — m"YC(L,L' Jin, — n){D_ . o).

J=|L—L'
mm'\n 0 1 , 2

FirstRank : (L =L' =1)

00 I<p>+} -L<B>+} -

11 —\/gkc < D%, > ZsRe < Djo > -

11 —-§<B>+} I<B>+} -
SecondRank : (L = L' = 2)

00 E<h>+i<h>+} 2 <P >+l<h >+ 2<h>-tcn>+L

11 | ~$,/3Re < Dy > ~¥ERe < Dy >

é\/gRe < Dy > —LBRe < D},

> —%\/gRe<D§°>+@7€z<D§o>

1 “Bep>+i<hB>+i $<Ph>+E<h>+} -2 <B>-1<B>+}
22 HBRe < DY > ~2/BRe < Dy > FeRe <Dl >
2 3/3Re <Dl > ~3Re <Dl > | —3\[3Re < Dfy > ~1Re <D} > 1y/[3Re < Dy > +3Re < D, >
2 2<P>-i<h>+} ~2<P>-teR>+L & <P >+i<B>+i
11 1.00 ¢ 11 0.00
$000 : a $1-10 F
0.80 b

:

0.80

..............

040

020F  ROD

0.00 Ca 4.2 00 0. 2.0 PR ST S DU T ¥
0.20

11
%000 :

0.05

0.00 &

11
$1-10

0.00 0.20

0.40 0.80

-0.01 |

-0.02 |

—0.03 b -
0.40 [
/—\a
; b
0.30 -
0.20 | IV
F DISC c
0.10
£ d,e
0.00 bt T bt bt
0.00 0.20 0.40 0.60

FIG. 1. The correlation functions ¢s(?) and @}' (¢) for rod- and disc-like molecules at various reduced temperatures in the biaxial phase:
T*=0.36 (a), 0.61 (b), 0.97 (c), and in the uniaxial phase: T#==1.22 (d), 1.59 (e).
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FIG. 2. The correlation functions ¢ (¢) and ¢32,(#) for rod- and disc-like molecules at various reduced temperatures in the biaxial phase: T*=0.36 (a),

0.61 (b), 0.97 (c), and in the uniaxial phase: 7%*=1.22(d), 1.59 (e).

5
25 7)
A=—.

= (43)
Qo

In case of a uniaxial molecule A,=0, and the coefficient
Cyy0 is not an independent one once the biaxiality of the
phase is fixed:

€220=Ca004s- (44)

In our calculations we have used temperature dependent
order parameters of the biaxial solvent obtained from re-
cent molecular field calculations.®® These calculations have
used the nearest neighbors pair potential 3

Uwy;) = —e{P;(cos B;) +24,[R§, ()

+R3(@;) 1 +442R%, () }, (45)

where ¢ is a positive constant determining the strength of
the solvent-solvent interaction, w;; represents the relative
orientation of the molecular pair and the RZ, are
symmetry-adapted functions:*®

Ry, (0)=} Ae[ Dy, (@) +(—)"DE ()] (46)
This biaxial potential has now been fully studied and its
phase diagram has been obtained not only with molecular
field theory but also with Monte Carlo simulations.>® In
general various theories predict that the uniaxial to isotro-
pic transition is a first order one whose character becomes
weaker as the biaxiality increases until it vanishes when the
three axis of the constituent particles become equivalent.
The uniaxial to biaxial transition, that involves going from
disordered to aligned short molecular axis is a continuous
one 28061 which is expected to resemble the so called XY
transition .59 For a biaxiality 1,=0.3, as we assume here,
the system has, according to mean field theory and when
we assume a nearest neighbors number z=12,%* a contin-
uous biaxial-uniaxial transition at 7%*=1.136 and a weak
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FIG. 3. The correlation functions ¢§2_21(t) and dﬁz_ 12(2) for rod- and disc-like molecules at reduced temperatures T*=0.36 (a), 0.61 (b) and 0.97 (c)
in the biaxial phase. The correlation functions vanish in the uniaxial phase; 1.22 (d) and 1.59 (e).

first order uniaxial-isotropic transition that takes place at
T*=2.88. Notice in particular that {P,), is essentially con-
tinuous and that Pe(D%,), is different from zero on both
sides of the uniaxial-biaxial transition, while %e({D3,),
and #e(Dky), go to zero. Notice also that the limiting low
temperature values of these two parameters are respec-
tively 3 and 0, so that it is the first one that provides the
largest change, while the other increases from zero and
then vanishes again. In Table I, the order parameters of the
biaxial phase and of the rod-like and disc-like probes at a
set of reduced temperatures selected between those studied
here are given for ﬂ.,=0.3.53 The coefficients, a p(T) of the
molecule, calculated from the solvent parameters, are also
listed in Table I. The cases presented in Table I are (i) a
uniaxial molecule with the z axis along the direction
of maximum elongation, i.e. a rod-like probe, (¢
= —2.88¢), (ii) a uniaxial molecule with the z axis per-
pendicular to the molecular plane, a disc-like probe,
(c00=2.88€¢). The change of sign of ¢, makes the sign of
{P,) change according to the shape of the molecule,?*** as
we see in Table I, where the second and fourth rank order
parameters are listed for the two cases.

The order parameters of the probe have been calcu-

lated by integration of the distribution obtained from the
potential Eq. (37), but they can also be obtained from the
eigenvector corresponding to zero eigenvalue by*

(DEy= J.de(a))D,f,O(a))

1 o o
=WZ > (X% 15,0(X%) y1pr 0

Jp erl

X 2T +1)(2J+1)

X fdijig(w)pjo(w)pgo(w)

~ J+L ~
= Z (XO)Jp,O z (XO)J’,p+m;O
Jp J'=|J-L|

X V(2T +1)/(20 +1)

XC(LJ,J ;p,m)C(L,JJ;0,0). (47)

In our calculations we have evaluated the order parameters
in both ways to check the accuracy in the calculations due
to the chosen size of the basis set of the diffusional matrix.

J. Chem. Phys., Vol. 99, No. 8, 15 October 1993



6190

Berggren, Tarroni, and Zannoni: Uniaxial probes in biaxial liquid crystal phases

4.00 ¢ 50.02 0.050 [
11 3 I 1 11 3
Tooo | 1 T1-10 Tooo [
(a) | 1) ()
2.00 | 0.00 0.025 £
0.00 & -0.02 0.000 E
0.040 0.03

) ; |

7'22 £ Tzz - :
mm'n mm'n |

§ - IV |

3 0.0z DISC |

z : |

0.015 | s [

- |

3 0.01 F |

E 3 |
_0_010:..............xx.Jj.lxag........ 0.00-
2.00 [ 0.000

L - |
22 F 22 -

T mmn | Tmmn [ !
—4F F

/107%¢ :

: " e |

0.00 | -0.015 | !

L - |

: !

g VI |

F DISC |

: I

_2_00h........1....‘....11........1.. _0‘030'uu.....n,,.......11,.......1..
0.30 0.70 1.50 0.30 0.70 ., 1.10 1.50

FIG. 4. Correlation times 7oy (2), 711 15 (b), 722 (¢), Taa (d), 722, (&) and 722, (f) (in units of D;'), corresponding to the correlation functions

. 1.10
T

plotted in figures 1-3, plotted versus reduced temperature. The vertical dashed line marks the uniaxial-biaxial transition.

In practice we have typically used for each n block an
expansion up to L.,,=20 and m,,=8 in Eq. (14), cor-
responding to 149 basis functions. At the lowest tempera-
tures we have found it necessary to use expansions up to
L. = 40 and m_,, =8 (329 basis functions) to ensure

convergence.
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Correlation functions have been calculated for the var-
ious temperatures in Table I. For the potential assumed,
the correlation functions obey the symmetry relations of
Eq. (4). It is important to notice that the initial values of
the correlation functions are model independent quanti-
ties.*! The explicit expressions for the initial values are
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TABLE III. The average Wigner rotation matrix products contributing to the nonvanishing terms of Eq. (36 b) for L”5£L and L=2.

(DL DXy =(~

min

L"=0: (D3 Dy =(Py), (DYD3%)=Re( D%y,

Y ERE L ) €L T, —m"YC(2, L ity — 1) Dy in0)

1 1 1
L"=1: <D2*11DL*||)=*73‘@3<D§0>’ (D%,D:f)=§(1’2>: <D2t2lD;*Ol)=i7§ﬂe(D§0)7

L"=2: Listed in Table II,

L"=3: Not included, because they are all to be multiplicated by matrix elements equal to zero in the terms of Eq. (36b).
L” =4: See table.

mm”\n 0 1 2
00 E5<h>+B<hA>+i<h> B >+ < B> Eaopn>-Y5<p>
+3/E <P > +§\/§<Pz>
11 ~8HRe < DB, > ~23Re < Dy > 5. /LRe < Dy > —5ZmRe < Dby > |~/ 8Re < Dy > +38Re < Dy >
+¥3Re < D}y > +52zRe < Do > +535Re < D}, >
1 B R >+YR <P > L cR >+ <P>+E<Ph> W <R>-3<h>
+1/2<R> ta <B>
22 -1‘7‘/-’§Re<D§o>—T’;\/§Re<D:O> ~4TRe < Dy > — 3z Re < Dy > HBRe < Dy > +21/2Re < Dy >
2 @R‘<D§o>"§°§m<D§o> _%ﬁm<D§o>“%\/gRe<D;o> =\ $Re <D, > +HRe < D >
+5Re < Ddy > +%\/§Re<D§0> +%\/—§-Re<D§o >
@ 2/ERe < Dfo > +4Re < Dby > | ~&\/TRe < Do > +3\[iRe < Dho> | Z\/BRe < Dy > —3/3Re < Dfo >
+¥ERe < D}, > +5iRe < Dy > +3Re < D >
2 Eop>-9BEcp> 3P > <P > A<hR>+E <A >+5 <R >
3 (g 3 2 B
yE<n> bals < B>
J 4.00 [ 30.00 [
mm' t C
: I J11/J22 ;
3.00 | L
i 20.00 [
2.00 F
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FIG. 5. In I and II the spectral densities [in units of (42°)?] are given as functions of reduced temperature for a rod- and a disc-like molecule,

respectively. Joo (8), Ji; (b), Jp (€}, J;_; (d), Sy (&) and J,_, (f). In III and IV the ratio J};/J;, is plotted for the two cases. The vertical dashed line
marks the uniaxial-biaxial transition.
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FIG. 6. Approximate values of the correlation times: 735, (2), 722, (b), 753 (), 772 10 (d), 7o (€), and 722 5, (f) (in units of D[') and with solid lines
as a guide to the eye, compared to these obtained from the numerical calculations (dashed lines). The vertical dashed line marks the uniaxial-biaxial

transition.

given in Table II for correlation functions of first and sec-
ond rank. The value of the correlation functions at long
time is also model independent, since

Brmn(0)=(DEY (DL (48)
The correlation functions decay to products of order pa-
rameters, so if an order parameter goes from zero to a
certain value at a phase transition the tail of the correlation
function should correspondingly change. A correlation
function labeled with ms£m’ is always equal to zero in the
uniaxial phase ,>*° and the phase transition from biaxial to
uniaxial phase are easily detected in the plotted series of
correlation functions. In figures 1 (first rank) and 2, 3
(second rank) some examples of orientational correlation
functions for both rod- (LIII) and disc- (II,LIV) like mol-
ecules are plotted at various temperatures across the phase
transition. The values of the order parameters correspond-
ing to the temperatures in figures 1-3 are to be found in
Table 1. It is possible to verify that for the cases with
m'=m the qualitative appearance of the correlation func-

tion is not changed across the phase transition (LII in
figures 1-3), while those corresponding to the cross-
correlation functions vanish in the uniaxial phase (III, IV
in figures 1-3). It is worth noting that the values of the
cross-correlation functions are considerably higher, and of
the same order of magnitude of the autocorrelation func-
tions, for the disc-like molecule (IV in figures 1-3) than
for the rod-like molecule (III in figures 1-3). In figure 4
the correlation times corresponding to the correlation
functions in figures 1-3 are plotted as a function of tem-
perature for our chosen examples of rod- (LIII) and disc-
(ILIV) like molecules. The transition temperature be-
tween uniaxial and biaxial phase is marked by the vertical
dashed line. In case of cross-correlation the correlation
time is zero in the uniaxial phase. To detect the phase
transition by a dynamic spectroscopic method it might be
preferable to perform an experiment which depends signif-
icantly on these cross-correlation contributions, because in
this case the correlation times change from non-zero to
zero at the phase transition.

In figure 5 (LII) the second rank spectral densities
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transition.

defined in Eq. (29) are plotted as a function of tempera-
ture, and it is possible to notice that the values of the cross-
correlation spectral densities are in the same range as those
with m’=m in the biaxial phase, and their contribution is
not negligible, neither for the rod- (1) nor for the disc- (II)
like probe. In figure 5 (IILIV) the ratio J,;/J,, is also
presented for both the cases of a rod- and a disc-like mol-
ecule. We see that it does not seem possible to detect the
biaxial phase transition, since the spectral density curves
vary continuously across the transition. However, in the
case of a disc-like probe (IV) the ratio changes from a
decreasing to an increasing trend as the system moves well
into the biaxial phase.

We also present, besides the numerical calculations,
the results from the approximation Eq. (33) based on the
analytical expressions given in Appendix B. The weighting
factors, i.e. the values of the correlation function at =0,
are listed in Tables II and IIL. In the limit of uniaxial
rotational diffusion in uniaxial phase the results of our ap-
proximate solutions have been compared to these obtained
by using the approximation presented by van der Meer

et al.*® and they are found to be in good agreement at low

values of the second rank order parameter.

We have further used our approximate solutions to
calculate the correlation times through the uniaxial-biaxial
phase transition. In figures 6, 7 and 8 the second rank
correlation times are indicated with a solid line for the
approximate solutions of the correlation time, while the
numerical solution is indicated with a dashed line. The
approximate solution is indeed satisfying for many of the
correlation times. In general it can be noticed that the
approximate results are less reliable at low temperatures, as
could be expected. The more interesting point is to notice
that the quality of the approximation is very sensitive to
the chosen correlation function. Thus it should not be con-
cluded that an approximation that has a high accuracy for
some of the correlation functions, should have it for all.
The accuracy of the approximation also changes with the
type of chosen probe for the same correlation function
(see, for example, c in I and II, figure 6).
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V. CONCLUSIONS

We have treated the reorientation of uniaxial mole-
cules in biaxial phases in detail. The solutions we have
obtained could be used to probe the uniaxial-biaxial nem-
atic phase transition with, for example, perdeuterated ben-
zene dissolved in the liquid crystal phase.

The values of cross-correlation functions and spectral
densities are all nonzero in the biaxial phase and zero in the
uniaxial phase. Therefore, in order to observe the phase
transition, an experiment dependent on cross correlation
spectral densities should be preferred. We also found that
observables due to the cross-correlations are higher for the
disc-shaped probe than for the rod-like probe, at least for
the solute-solvent parameters chosen here. Thus the use of
say, deuterated benzene derivatives as NMR probes could
also prove useful in view of its essentially disc-like shape.

In addition to the numerical calculations, we have per-
formed an approximate calculation of the correlation
times. It is of course desirable to be able to calculate the
correlation functions and correlation times in a more sim-
ple and less time consuming way, but our results indicate

also the weakness of an approximate solution as the only
approach to be employed. Indeed the approximate forms
might be, as we have seen, satisfactory in many cases, but
clearly not in those cases where the correlation functions
evolve in time in an inherently nonexponential way. Hav-
ing this limitation clear, the approximate calculations
could be useful in fitting experimental data as a first step,
before making use of the more time consuming numerical
calculations in a number of cases.

In any case it is hoped that the results presented in this
paper will stimulate experimental studies of the dynamics
in biaxial nematics.
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APPENDIX A: MATRIX ELEMENTS OF THE
DIFFUSION OPERATOR

Here the explicit expressions of the elements of the
diffusional matrix are given for the case of anisotropic dif-
fusion in biaxial phase. First we evaluate the various terms
contributing to the symmetrized diffusional operator given
in Eq. (10), which are

(DE | -v 2L

=[—L'(L'4+1)—n*(9—1)18 1+ 1Brmrms (A1)

v 1__ Ua,pB)
(2t | = v? k—l-@f;n)
sl

2L+

J(J+1
Z—JTZGJP[ (J+1)]

X C( L’J’L,;m' "P,P)

X C(LJ,L'31,0)8 s _p» (A2)

(@E \PDLy=[-L"(L'+1)—

V2L +1

6195
P | U(a,ﬁ) U(a9B)
L
(o= 52 (- P o
2L+1
¥y 12 Zajpaw NTTFD T T +1)
J+JI
X X CJLJ J"pp')CWJJ J";1,—1)
P={J-r|
XC(LJ",L"sm" —p—p' p+p')
XC(L;J”,L';n’o)am,m’~p—p" (A3)

In the derivation of the matrix elements the following re-
lations have been used:

VDL =[L(L+1)+(n—1)n?]|DE,, (A4)
LPE =n2t | (A5)
LD p=\VL(L+1)—n(n1) D5, . (A6)

If we want to express the matrix elements, assuming
only second rank contributions to the potential the matrix
elements are given by

V2L+1

n?(n—1)+Kol81: 18 mrm+ NTIY K,C(L2,L";m’,0)C(L,2,L";n,0)8,,

M —2,2)8 s — 2+ C(L2, L' +2,—2)8 1 s 121 C(L,2,L";1,0)

+72L'__]_1- KZ[C( L’2»L';
V2L +1 , v2L+1

4 KsC(LA,L'sm’ 0)C( LA, L';1,0)8,,,+ K[ C(LA, L' —2,2)8, s
2L+1 1 =2

V2L +1

+C(LA4,L";m’'+2,—2)8,, 421 C(L,4,L";n,0) +7— Ks[C(L4,L"\m’'—4,4)8,, .4
' 2L +1 '

+C(L,4,L";m"+4,—4)8,, pyr 4]C(L,4,L";n,0). (A7)
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The following constants have been used in (A7):

31,
K0=—§ 7 %0+an|; (A8B)
311
K1=—'3a20—7|:2 a20 3022] (Ag)
3
K= —3022+7 axdyz » (A10)
6 ., 2
K3=3_5(3azo+azz): (A11)
6 3
K= 7\5 209225 (A12)
2 ,
Ks=3 3—5022. (A13)

The symmetry relation C(2,2,J";m,n)=(— )
X C(2,2,J";—m,n) has been used, and the Clebsch-
Gordan coefficients have been substituted by explicit val-
ues, where possible. We have also assumed for the second
rank interactions, that ay=a,_, >

- 6 6 108
do0o(0) =§+ (120—{—

APPENDIX B: APPROXIMATE ANALYTICAL
EXPRESSIONS

We give here the approximate analytical expressions of
the first derivative of the correlation function at #=0. To
obtain these expressions we have used the unsymmetrized
form of the matrix*>%* given by

D%, |T| Dk

=[—L'(L"+1)=n*(q—1)181/ 16 m'm

1
= 230 L' (L' + D)~ LL+D+IU+1)]
P

X C(LJ,L'sm’' —p,p)C(L,J,L";n,0)8, e —p, (B1)

which is a straightforward application of (9) on the basis
set of Wigner matrices. The analytical expressions of first
derivatives of the second rank correlation functions
¢% s mn Obtained from Eq. (36b) using Eq. (B1) for the
calculation of the matrix elements are listed below. The
explicit expressions are rather complicated to work out and
have been obtained with the help of the Mathematica®
computer algebra package.

12

6 6 3 72
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B 3 108 7 B )
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48 16 J? el D
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6 12 10 Fel D2 18 18 \F - 12
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6 48 /6
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L 86 32 [3 .
‘120‘@6’<D o) 7 022<P6> +17 V35 == @0#e( Dyy), (BS5)
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20 12 2 12 |2 2
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G 12(0) = e D) — s 2 g Toe Dl -+ = e D) —— (| e Do) +2 1 me Dy
2-22 _21 0n7e 20 —77 5a22 € 20 + 35 e 40 _11 35020‘%8 40 + 357’ e 40
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In our calculations we have also used approximate values
of the coefficients ayy and a,, derived from the first term of
a power expansion of the rank two order parameters

245(P,) +350( D%,)2 4 2450{ P,) ( D3,)?

494 220( D3,)? ’
(B20)

(12——‘

_ 140 D3,)
Ap=— 14—20(P,) +25(P,)*"

(B21)

The expressions corresponding to Egs. (B2)-(B19) for the
special case of rotational diffusion of a uniaxial probe in a
uniaxial phase are obtained by putting { D%, =0 for m £

0, and the coefficients a,y= —S5(P,) and a,,=0, which ev-
idently leads to the result that all ¢,I,‘11,Lnn with m’=£m be-
come zero as expected in the limit of uniaxial mesophase
symmetry.

"M.J. Freiser, Phys. Rev. Lett. 24, 1041 (1970).

IR. Alben, Phys. Rev. Lett. 30, 778 (1973).

31.P. Straley, Phys. Rev. A 10, 1881 (1974).

4LJ. Yuand A. Saupe, Phys. Rev. Lett. 45, 1000 (1980).

5F. Hessel and H. Finkelmann, Polym. Bull. 15, 349 (1986).

$A.H. Windle, C. Viney, R. Golombok, A.M Donald, and G.R. Mitch-
ell, Faraday Discuss. Chem. Soc. 79, 55 (1985).

’S. Chandrasekhar, B.R. Ratna, B.K. Sadashiva, and V.N Raja, Mol.
Cryst. Liq. Cryst. 165, 123 (1988).

. Malthéte, L. Liébert, A.M. Levelut, and Y. Galerne, C. R. Acad. Sci.
Paris 303, 1073 (1986).

?K. Praefcke, B. Kohne, B. Giindogan, D. Demus, S. Diele, and G.
Pelzl, Mol. Cryst. Liq. Cryst. Lett. 7, 27 (1990).

K. Praefcke, B. Kohne, B. Giindogan, D. Singer, D. Demus, S. Diele,
G. Pelzl, and U. Bakowsky, Mol. Cryst. Liq. Cryst. 198, 393 (1991).

A, Saupe, J. Chem. Phys. 75, 5118 (1981).

2y.D. Kini and S. Chandrasekhar, Physica A 156, 364 (1989).

3E. Govers and G. Vertogen, Physica 133 A, 337 (1985).

4D. Baalss, Z. Naturforsch. 45a, 7 (1990).

SE.H. MacMillan, Arch. Rat. Mech. Anal. 117, 193, 241 (1992).

T, Carlsson and F.M. Leslie, Liq. Cryst. 10, 325 (1991).

'""M.B. Lacerda Santos and G. Durand, J. Phys. 47, 529 (1986).

8a, Saupe, S.Y. Xu, S. Plumley, Y.K Zhu, and P. Photinos, Physica A
174, 195 (1991).

¥J.W. Doane, Nuclear Magnetic Resonance of Liquid Crystals, edited by
J.W. Emsley (Reidel, Dordrecht, 1985), Chap. 16, p. 413.

0F.P. Nicoletta, G. Chidichimo, A. Golemme, and N. Picci, Liq. Cryst.
10, 665 (1991).

' A.M. Figuereido Neto, Y. Galerne, and L. Liébert, Liq. Cryst. 10, 751
(1991).

2 Nuclear Magnetic Resonance of Liquid Crystals, edited by J.W. Emsley
(Reidel, Dordrecht, 1985).

3C. Zannoni, Mol. Phys. 38, 1813 (1979).

(B19)

2 A. Arcioni, R, Tarroni, and C. Zannoni, in Polarized Spectroscopy of
Ordered Systems, edited by B. Samori and E. Thulstrup (Kluwer,
Dordrecht, 1988), p. 421.

M.P. Fontana, B. Rosi, N. Kirov, and I. Dozov, Phys. Rev. A 33, 4132
(1986).

2R.G. Gordon, Advances in Magnetic Resonance, edited by J.S. Waugh
(Academic, New York, 1968), Vol. 3, p. 1.

T'W.A. Steele, in Transport Phenomena in Fluids, edited by H.J.M. Han-
ley (Dekker, New York, 1968), p. 209.

BC. Zannoni, The Molecular Dynamics of Liquid Crystals, edited by G.R.
Luckhurst and C.A. Veracini (Kluwer, Dordrecht, in press).

PL.D. Favro, in Fluctuation Phenomena in Solids, edited by R.E. Burgess
(Academic, New York, 1965), p. 79.

0T H. Freed, J. Chem. Phys. 41, 2077 (1964).

*'W. Huntress, Jr., Adv. Magn. Reson. 4, 1 (1970).

*2(a) P.L. Nordio and P. Busolin, J. Chem. Phys. 55, 5485 (1971); (b)
P.L. Nordio, G. Rigatti, and U. Segre, Mol. Phys. 25, 129 (1973).

8 C.F. Polnaszek, G.V. Bruno, and J.H. Freed, J. Chem. Phys. 58, 3185
(1973).

3 W.A. Steele, Adv. Chem. Phys. 34, 1 (1976).

3p.L. Nordio and U. Segre, The Molecular Physics of Liquid Crystals,
edited by G.R. Luckhurst and G.W. Gray (Academic, New York,
1979), Chap. 18, p. 411.

36J.M. Bernassau, E.P. Black, and D.M. Grant, J. Chem. Phys. 76, 253
(1982). ’

3N. Kirov, I. Dozov, and M.P. Fontana, J. Chem. Phys. 83, 5267
(1985).

38B. Rosi, M.P. Fontana, L. Dozov, and N. Kirov, Phys. Rev. A 36, 2879
(1987).

¥1. Dozov, N. Kirov, and B. Petroff, Phys. Rev. A 36, 2870 (1987).

403, Bulthuis and L. Plomp, J. Phys. France 51, 2581 (1990).

IR, Tarroni and C. Zannoni, J. Chem. Phys. 95, 4550 (1991).

“J.H. Freed, in Spin Labeling Theory and Applications, edited by L.J.
Berliner (Academic, New York, 1971), Chap. 3, p. 53.

“R.R. Vold and R.L. Vold, J. Chem. Phys. 88, 1443 (1988).

“1. Dozov and N. Kirov, J. Chem. Phys. 90, 1099 (1989).

# (a) Z. Luz, D. Goldfarb, and H. Zimmermann, Nuclear Magnetic Res-
onance of Liquid Crystals, edited by J.W. Emsley (Reidel, Dordrecht,
1985), Chap. 14, p. 343; (b) D. Goldfarb, 1. Belsky, Z. Luz, and H.
Zimmermann, J. Chem. Phys. 79 , 6203 (1983); (¢) D. Goldfarb, R.
Poupko, Z. Luz and H. Zimmermann, J. Chem. Phys. 79, 4035 (1983).

*M.E. Rose, Elementary Theory of Angular Momentum (Wiley, New
York, 1957).

“71. Dozov and I. Penchev, J. Lumin. 22, 69 (1980).

“$B.W. van der Meer, H. Pottel, W. Herreman, M. Ameloot, H. Hen-
drickx, and H. Schroder, Biophys. J. 46, 515 (1984).

49C. Zannoni, in The Molecular Physics of Liquid Crystals, edited by G.R.
Luckhurst and G.W. Gray (Academic, New York, 1979), Chap. 3, p.
51.

¢, Zannoni and M. Guerra, Mol. Phys. 44, 849 (1981).

5'G.R. Luckhurst, The Molecular Physics of Liquid Crystals, edited by
G.R. Luckhurst and G.W. Gray (Academic, New York, 1979), Chap.
4, p. 85.

2D K. Remler and A.D.J. Haymet, J. Phys. Chem. 90, 5426 (1986).

3F, Biscarini, C. Chiccoli, P. Pasini, F. Semeria, and C. Zannoni, pre-
sented at the 14th International Liquid Crystal Conference, Pisa, 1992
(to be published).

%*G.R. Luckhurst, C. Zannoni, P.L. Nordio, and U. Segre, Mol. Phys. 30,
1345 (1975).

33¢P. Palffy-Muhoray and G. Hoatson, Phys. Rev. A 44, 5052 (1991).

%@G.R. Luckhurst and S. Romano, Mol. Phys. 40, 129 (1980).

7P, Pasini and C. Zannoni, INFN Bull. TC-83/19, 1 (1984).

J. Chem. Phys., Vol. 99, No. 8, 15 October 1993



6200 Berggren, Tarroni, and Zannoni: Uniaxial probes in biaxial liquid crystal phases

8R.G. Gordon and T. Messenger, Electron Spin Relaxation in Liquids, 617 Y. Chen and J.M. Deutch, J. Chem. Phys. 80, 2151 (1984).
edited by L.T. Muus and P.W. Atkins (Plenum, New York, 1972), S2E F. Gramsbergen, L. Longa, and W.H. de Jeu, Phys. Rep. 135, 195

Chap. 13, p. 341, (1986).
9G.H. Golub and C.F. Van Loan, Matrix Computations (North- S3M.P. Allen, Liq. Cryst. 8, 499 (1990).
Holland, Amsterdam, 1983). 64C. Zannoni, Mol. Phys. 42, 1303 (1981).
OW.M. Gelbart, J. Phys. Chem. 86, 4298 (1982). 65S. Wolfram, Mathematica (Addison-Wesley, New York, 1988).

J. Chem. Phys., Vol. 98, No. 8, 15 October 1993



